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Penakuiiina koJeris

3aooposcna Jlwooe Kupuniena — TONOBHUI penakTop, KaHAWIAT
¢inocodpcrknx Hayk, pekrop KomyHaneHOro 3aknany Bumioi ocBitTa «Onecbka
akajniemist HerrepepBHOI ocBiTH O1echKo1 00I1acHOT pamn.

banawmenko Inna Banepiisna — BiINOBINANBHAN CeKpeTap, KaHAUIAT
¢dinocopcbkux HayK, JOIEHT, 3aBigyBau Kadenporo ¢inocodii ocBiTH
KomyHansHOrO0 3akiaay Buiioi ocBith «OJiechbka akajeMist HEIEpepPBHOI OCBITH
Opnecpkoi 0067IaCHOT pagu».

Hzoomnixoea Bixmopia Bikmopiena — 3aCTyIIHHK TOJOBHOI'O PEIaKTOpa,
JOKTOp TEAAroriyHuX HayK, mpogecop, MPOPEeKTOp 3 HAyKOBO-TIENAroridyHol
Ta iHHOBaniHOi AismbHOCTI KoMyHanmpHOTO 3akimamy BHINOi ocBiTH «Omechka
akajniemist HerrepepBHOI ocBiTH O/1echKo1 00IacHOT pamn.

Jesuumena Oxcana Muxaiiniiena — 3aCTYITHUK TOJOBHOTO PEAaKTOPA,
KaHIUAAT iICTOPUYHHAX HAaYK, IIPOPEKTOP 3 HAYKOBO-TIEAATOTIYHOI Ta METOAMYHOI
nisoibHOCTI  KomyHanmpHOTO 3akmamy Bumoi ocBit «Omeckka akagemis
HenepepBHOi 0cBiTH OJiechKoT 00IacHol paguy.

Ky3neyosea Oxcana Bonooumupiena — 3acTyIHUK TOJIOBHOTO PEIAKTOPA,
KaHJUJAT TICUXOJIOTIYHAX HAyK, JOLEHT, MPOPEKTOP 3 HAYKOBO-TIENArorigHoi
Ta COLIAIBHO-TYMaHITAPHOI HisiibHOCTI KOMyHaIbHOTO 3aKiay BUIIOT OCBITH
«Onecpbka akajemis HeriepepBHOT ocBiTH O1echbKol 00JIaCHOT pauy.

bapanosa Beponixa Bonooumupiena, xaHIUIAT TENArOTIYHAX HAayK,
CTapmInii BUKIIaaad kadeapu MOMKIIFHOI i MoYaTKoBOi ocBiTH KoMyHanmbHOTO
3aknamy BUIOi ocBiTH «Opjechbka akajeMis HerepepBHOiI ocBiTH OnechKoi
obnacHoi pagu» (M. Oneca, Ykpaina).

Bepesoscvka JIloomuna leanigna, TOKTOp NeNarorivHuxX Hayk, mpodecop,
3aBimyBau Kadempu Teopii Ta METOAMKH JOLIKIJIBHOI OCBITH J[lepkaBHOIO
3aknany «lliBJCHHOYKpAIHChKUH HAI[lOHAJIBHUN TEAaroriYHUN YHIBEPCHUTET
imeni K. JI. Ymmnacekoro» (M. Oneca, YkpaiHa).

Byxnep Tobiac, npodecop, 3aBigyBad kadeapd IHKIIO3UBHOI OCBITH
VYuiBepcurery ocBitiu Bepxuboi ABctpii (M. JliHil, ABCTpis).

T'apauyx Temana Bonooumupiena, KaHIUIAT TIENATOTIYHUX HAYK, JOLCHT
kadeapu AOIIKIIBHOI 1 movaTkoBoi ocBiTh KomyHanmpHOTrO 3akiany BHIION
ocBiTH «Omecbka akajueMis HermepepBHOI ocBiTH Onechbkoi 00JaCHOI pajny
(M. Opeca, Ykpaina).

T'onno6 Ponwgh, noxrop Hayk, npodecop, kadeapa Mi>XHAPOAHUX HMPOEKTIB

B OCBITI [ropixchkoro YHIBEpCUTET M TOTOBKH BUHTEIIIB
(m. Lropix, IIsetinapis).
T'ymennixoea Tamapa Pydonvghiena, 5n0KTOp TEAATOTIYHHX HAYK,

npodecop, mupekrop Ilpumynaiicekoi ¢imii MixperioHansHOI akameMii
yIpaBIIiHHS epcoHaioM (M. I3main, Ykpaina).

Typa Temsana €ezeniigna, NOKTOpP TICUXOJOTIYHUX HaykK, mpodecop,
MPOPEKTOP 3 HAYKOBOi POOOTH Ta MiXHApOIMHOI MisutbHOCTI KomyHamsHOTO
3aKIanay «3amopi3bKUMA OONACHWHM IHCTUTYT MICISAUIUIOMHOI ITeIaroriaHol
OCBITH» 3artopi3pkoi 06sacHoi paau (M. 3anopixoks, YKpaina).
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Jixosa-@asopcvka Onena Muxaiiniena, NOKTOpP COLIONOTIYHMX Hayk, mpodecop, mpodecop Kadenpu
nenaroriku JXuTOMUPCHKOTO IHCTUTYTY MiCIAIUITIOMHOT OCBiTH (M. XKutomup, YkpaiHa).

Kaniwescovka /Ito606 Bikmopiena, TOKTOp MEJarorivHUX HAyK, TpoQecop, 3aCTYITHUK AUPEKTOPa 3 HAYKOBO-
eKCIIepUMEeHTaNbHOI poboTH [HCTHTYTY TTpoOaem BuxoBaHHs HarioHanpHOT akajeMii me1aroriaHux Hayk Y KpaiHu
(M. KuiB, Ykpaina).

Kiuyx Anmonina Banepiigna, NOKTOp TICHXOJOTIYHUX HAyK, IOIEHT, mpodecop kadeapu 3araibHOI
Ta MPaKTUYHOI TICHXOJIOTIT [3MainbChKOTO Iep:KaBHOTO TyMaHITAPHOTO YHIBepcuTeTy (M. [3main, Ykpaina).

Koxanoecvka Onena Bikmopiena, 10OKTOp MeJaroriuyHux HayK, AOLEHT, KoMyHanbsHMIA 3aKi1aa BUIIOT OCBITH
«XepcoHChKa akajieMisi HerepepBHOI OCBITH XepCOHChKOT 00sacHoi pann» (M. XepcoH, YkpaiHa)

Ky3ueuyosa Hena Bixmopiena, KaHIuAaT TENarorivHUX HayK, IOIEHT, OLIEHT Kadenpu Meaaroriku
Ta OCBITHBOTO MeHeIKMeHTy KoMyHanpHOro 3akiany BHUIIOI OCBiTH «OJechbka akalaemisi HEepepBHOI OCBITH
Opnecekoi obnacHOi pagm» (M. Oneca, Ykpaina).

Mimenvman I1zo0p Muxaiinoguu, kanaunaT (Ppi3MKO-MaTeMaTHYHUX HAYK, JOLEHT, JTOUEHT Ka(eapu METOIUKH
BUKIIQZAaHHA 1 3MicTy ocBitn KomyHampHOTO 3akiamy BUIIOI ocBiTH «Ojechka akajemisi HelepepBHOI OCBITH
Opnecwroi obmacHOi pagm» (M. Oxeca, YkpaiHa).

Hemepuanoe Bonooumup Bonooumuposuu, xannuaatr OiONOTIYHMX HAyK, JTOIEHT, 3aBigyBad HayKOBO-
METOIMYHOI JTA00paTOpii MPUPOTHUIO-MATEMATHIHOI OCBITH, JOIEHT Kaeapu METOIUKH BUKIAIAHHS Ta 3MICTY
oceiTi KoMyHanbpHOTO0 3aKnaay BUIIoi ocBiTd «Oeckka akageMisi HeriepepBHOI ocBiTH OechbKkoi 001aCHOT pain
(M. Oneca, Ykpaina).

Opaenko Ipuna Mukonaiena, noxrop dimocodii, 3aBimyBau OmechbKOro 00JACHOTO PECYPCHOTO IIEHTPY
HiATPUMKHU 1HKITFO3UBHOI OCBITH, CTapIIUil BUKJIagad Kadeapy MCUXOJIOTii, ColiabHOI pOOOTH Ta 1HKIIO3UBHOI
oceiTi KoMyHanbpHOTO0 3aknay BUIioi ocBitd «Oeckka akazeMisi HeriepepBHOI ocBiTH OechbKoi 001aCHOT painy
(M. Opeca, Ykpaina).

Ocunoea Temsana IOpiiena, TOKTOp TENAroriYHUX HAyK, mpodecop, mpodecop KadeapHw Iemaaroriku
HepxaBHoro 3aKyagy «[liBneHHOYKpaiHCHKUI HalllOHAJTEHAN ne1aroriyHun YHIBEPCUTET
imeni K. J[. Ymmmacekoro» (M. Oneca, Ykpaina).

Ilueosapuux Ipuna Muxaiiniena, KaHIUIAT TICUXOJIOTIYHUX HAyK, JOLEHT, 3aBilyBay Kadeapu METOIUKH
BUKJIaJIaHHA 1 3MicTy ocBiTH KoMyHanbHOro 3akiany BHUIOI ocBiTH «Onechka akajeMisi HeepepBHOI OCBITH
Opnecwkoi obnacHOi pagm» (M. Oneca, Ykpaina).

Puwgaxk Hamania leanigna, KaHIuAaT TeNaroriyHUX HayK, CTapIIMA BHUKIaga4 Kadeapu Meaaroriku
Ta OCBITHBOTO MeHeIKMeHTy KoMmyHanpHOro 3akiaxy BHUIIOI OCBiTH «OJecbka akalaeMist HeepepBHOI OCBITH
Opnecwkoi obnacHOi pagm» (M. Oneca, YkpaiHa).

Cuizyp Jlioomuna Anamoniiena, TOKTOp IICUXOJIOTIYHUX HAYK, Ipodecop, mpodecop Kadeapu ryMaHiTapHUX
Ta COIAIbHO-EKOHOMIYHHUX TUCIMILTIH BilicbkoBoi akamemii (M. Oxeca) (M. Omeca, Ykpaina).

Cmpenvouuvka Ceimnana Muxaiiniena, KaHaAuAaT TEJAroTiYHUX HAyK, CTaplIMi BUKJIagad Kadenpu
Me/IaroTiKK Ta OCBITHBOTO MeHeDKMEHTY KoMyHanmbHOTO 3aKi1a 1y BUIOT 0cBiTH «OJlechKa akaieMisi HerepepBHOT
ocitu Onecbkoi obmacHoi pagm» (M. Oneca, YkpaiHa).

@ypman Anamoniii Anamoniiioguy, TOKTOP TICHUXOJIOTIYHUX HayK, mpodecop, npodecop kadeapu Teopii
Ta METOJUKH MPaKTHIHO1 icuxouorii [lepskaBHoro 3aknany «[liBgeHHOyKpaiHChKHI HAIllOHATBHHMN Me1aroriYHuH
yuiBepcureT iMeHi K. JI. Ymmucekoro» (M. Oneca, YkpaiHa).

Luébyx JTwomuna Mukonaiena, KaHAUJAT TICUXOJIOTIYHUX HAyK, AOLEHT, 3aBiAyBad Kadeapu NOUIKiIbHOI
1 mouaTKoBOi ocBiTH KoMyHaapHOTrO 3akiaay Buinoi ocBith «Omechka akazemis HerepepBHOi ocBiTH OechbKol
oOmacHoi pagn» (M. Oxeca, YkpaiHa).

Hlamanno Hamania Bikmopiena, XaHIuAaT TMeAarorivyHUX HayK, 3aBilyBady HAyKOBO-METOAWYHOI
naboparopii rpoMaAsSHCHKOI, ICTOPHUYHOI Ta MMCTEILKOI OCBITH, CTapIIMi BHKIagad Kadeapud METOAMKH
BUKJIaJIaHHA Ta 3MicTy ocBit KomyHanbHOTO 3aKiany BHUIOI ocBiTH «Ojecbka akajeMisi HellepepBHOI OCBITH
Opnecekoi o0nacHOT pagm» (M. Oneca, Ykpaina).

Hlynsap Bacunv Isamosuu, NOKTOp TENAroriuHuxX Hayk, AOLEHT, AUPEKTOP MUKOIAIBCHKOro 00JIacCHOrO
IHCTUTYTY MICJISIMIUIOMHOI IIearoriqioi ocBitu (M. Mukosaie, Ykpaina).

An Mapew, Ph.D., 3aBigyBau kadeapu NCHXOJIOTIi HeJarorivHoro ¢axyiabTeTy MacapukoB yHIBEPCUTETY
(M. Bpno, Yexis).
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COMPETENCE-BASED APPROACH IN EDUCATION: A RESOURCE OF EVOLUTION

Abstract. The article substantiates the actual aspects of the formation of a competence-based approach to education
on the basis of the use of evaluation research, considers new evaluation tools based on modern achievements in the
theory of pedagogical dimensions using a wide range of evaluation tools,

Key words: evaluation, evaluation research, competence-based approach, assessment, evaluation research.
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Mireabman Irop Muxaiinosuy,

KaHAuIAT (Pi3MKO-MaTeMaTUYHUX HAYK, JOICHT,

JIOLIEHT KadeIpy METOIMKH BUKIIAJITAHHS 1 3MICTy OCBITH

K3BO «Oneckka akagemis HeniepepBHOi ocBiTH OfechKo1 00JIaCHOT pagny,
M. Oneca, Ykpaina

https://orcid.org/0000-0002-9817-6690

AAJAKTUKO-METOANYHI ACIIEKTH TPI/IFOHOMETPI/I‘I"HOi IHTEPOPETAILII JEAKHAX
THUIIIB AJITEBPAIYHUX 3AJTAY ITIABUIIEHOI CKJIAJJHOCTI

Anomauin. Ynpoeaodocenns ¢ Hoesitl ykpaincokii wxoni axademiunoi npoghinizayii Ha 0CHOBI No2nubNIeH020
BUBUEHHS MAMEeMAMUKY 6 CMApuwux Kiacax GU3HAYAcemvbCs Hnompebamu Oepicagu ma CYCHilbCmed
6 inmencugixayii ocimnboi mpackmopii 000aposanux YuHie y eany3i Mamemamuxu ma il 3acmocyeamb.
Linicnicmv  npoghinbHo2o  6uGYEeHHSs ~MamemMamuxku Ha NHO2IUONEHOMY PieHi  00yMoemoe 00 €OHaAHMHS
dynoamenmanizayii ma npogecionanizayii oceimu 6 €OuHUll npoyec cemepanizayii 3HaHb — KOHYeHmpayii
HABUALHO2ZO Mamepiany U OUOAKMUKO-MEMOOUYHO20 pPecypcy HABKONO KIHOHOBUX MEOPEMUYHUX po30inié
i cucmemu HaguyaHHsa po3e’A3yeanHs 3a0ay. Buxodsuu i3 neobXionocmu y32000iCeHHst 8CiX CKAAOHUKIG I€papxii,
cucmemamuzayii ma 0000py 3MICMy HAGYAHHS 6 3AKIA0AX 3A2ANbHOI Cepednbol 0ceimu, nid 4ac nid2omosKu
MAUOYMHIX yuumenie MamemMamuxy, HenepepeHoi (NiCIAOUNIOMHOI) oceimu euumenie, OOIPYHMOBYEMbCS
0COOMUBUIL CIAMYC MPUSOHOMEMPUYHO20 MAMEPIATY, U020 GeUKUL NI3HABAILHUL MA PO3GUBATbHUL NOMEHYIA.
Boounouac, mu 8io3nauaemo 3HudICEHHsL PiGHSL 3HAHb 3 MPULOHOMEMPIL BUNYCKHUKIB WKL, HEOOCMAMHIO MOMUBAYIIO
3 11020 ONAHYBAHHS HAGIMb 8 YYHIG KIACI6 3 NO2AUONEHUM BUBYEHHAM MAMEMAMUKY, CIyXauie Qaxyibmamusie
i mamemamuynux eypmkis. [oceio pobomu 3 yyumenamu Ha Kypcax nioguujeHHs Keanighikayii, ananis pieHs
nio2omoeKu cmyoenmie MamemMamuyHux cneyianbHocmell 3akaaoie 8Ulyoi nedazo2iuHoi 0C8Iimu MmaKodlc 8Ka3yms
Ha GIONOBIOHI MEMOOUUHI NPodIEMU.

Y ecmammi euceimmioemucs nioxio 00 GuoKpemienHs, akmyanizayii, YMOuHeHHs, KOOpOuHayii npoOyKmMueHUux
NPeOMemHO-MemoOudHUX i0etl [ 36 S3Ki6 0esaKuUx munie aneeOpaiuHux 3a0ay OnMniaoH020 ma/abo YCKIAOHEH020
Di6HA, WO 3a C8O€EI0 CMPYKMYPHOIO CHeyu@ikoo 0onycKaroms mpuzoHOMempuuHy iHmepnpemayito (pieHAHHA
U cucmemu pigHAHb, 3a0aui HA 008edeHHsl HepisHocmel mowo). Poswupioiomscs ti 00NOGHIOIOMbCA ICHYIOU]
OUOAKMUYHT KOMIIIEKCU 3 Yiei memamuky OJist NEOCULEHHST NOZUMUBHO20 OCBIMHbO2O PEe3YIbMAaAmy — aKmusizayii
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HAOYMUX YUHAMU CYKYNHUX KOMNEMEHMHOCMel I3 CUHXPOHI3ayii 6CIX 3MICMOGUX JTIHIll WKITbHOI npocpamu
3 mamemamuxu. Pesynemamu cmammi cnpusioms MOOepHi3ayii MamemMamuiHozo i MemooutHo2o cepedosuia
ni02omoBKU 000apOBAHUX VUHIE, 3POCMAHHIO MEOPHO20 NOMEHYIANY Hpayoiouux i MauOymuix yuumenie
MamemMamuxu.

Kniouosi cnosa: memoouxa Ha8UaHHs MAMeMAMUKU, NIOBUWEHH KeaniQikayil euumenis, MamemamudHo
000aposani yuHi, onimMniaouwi ma YCKIAOHeHi aneebpaiuHi 3a0aui, 6UBUEHHA MPULOHOMEMpPIs 6 WKOI,
dynoamenmanizayis ma npogecionanizayis smicmy oceimu, npogpinizayis ¢ Hosiit ykpaincoxiu wikori.

IlocTanoBka mpodaemu. Tpanchopmarlisi KOMIETEHTHICHOTO TTOTEHITIATY BUMTEIST MATEMaTHKH BU3HAYAETHCA
JUHAMIKOIO 3MiH BUMOT JIepXaBU W CyCHUTECTBA M0N0 €()EeKTUBHOCTI BCiX PIBHIB 3araylbHOI CEPeaHBOI OCBITH
Ta HOPMAaTHBHO 3aKpimumoeTbest B KoHnenuii peanizamii gep:kaBHOI MOMITHKH y cdepi peopMyBaHHs 3arajibHOT
cepennboi ocBiTH «HoBa ykpaiHcbka mkona» Ha mepioa mo 2029 poky, cxBaneHoi po3nopsmkeHHsM KaGinery
MinictpiB Ykpainu Bix 14 rpyaas 2016 poky Ne 988-p, Ta, BignosinHo, y IIpodeciiinomy cranmapti «Bunrensb
3aKJiagy 3arajbHOI CepefHBOi OCBITH», 3aTBEPAKCHOMY Haka3oM MiHiCTepCTBa OCBITH 1 HayKH YKpaiHH Bix
29 cepnns 2024 poky Ne 1225 (dani — Ipodghecivinuti cmanoapm), JlepxaBHOMY CTaHIApTi 0a30BOi CepemHBOL
OCBITH, 3aTBep/keHOMYy TocTaHOBo KabOinery MinictpiB VYkpainm Bim 30 BepecHs 2024 poxy Ne 898,
JHepxaBHOMYy cTaHAapTi NpOQiIBHOT CepeaHboi OCBITH, 3aTBep/pKeHOMY mocTaHoBoro KaGinety MiHicTpiB
VYkpainu Bix 25 nmunus 2024 poky Ne 851 (0ani — Heporcasuuii cmanoapm I[1CO).

Mertoro mpo¢hiabHOI CepeHhOI OCBITH € PO3BUTOK 3/100yBada OCBITH Ha 0a3i HAyKOBOTO CBITOTIISIY, a Cepesn
il MIHHICHUX OPIEHTHUPIB — MIATPUMKA Mi3HABAILHOTO IHTEPECY i HAMOJETIHUBOCTI, YCBIIOMIICHHS BaXKJIIMBOCTI
PO3BHUTKY NPOAYKTHBHOTO MucieHHs. [Ipodimizamis crapmioi MIKOJH COpSMOBaHAa Ha IMPIOPUTETHI MOTPEOH
JICp’KaBU y CTaJIOMy BiJIBOPIOBaHHI HAyKOBO-TEXHIYHOTO KaJpPOBOTO IOTEHINaTy BUCOKOI sikocTi. [IpodimpHa
CepenHs OCBiTa OIEpamioHAbHO TPYHTYEThCS Ha MapaiurMi piBHEBOi audepeHIiiamii, 3akiafeHidi 0a30BOIO
mkonoto. [Ipu oMy eaHICTh PodiTBHOT Ta piBHEBOT AudepeHiianii TOBUHHA CTBOPUTH HAHOINIBII CIIPUSTINBI
YMOBH (aJanTaiilo OCBITHHOTO MpOIlecy IO PiBHIB HAaBYCHOCTi, 00’€KTHBOBaHUX 3Mi0OHOCTEH, 0cOOIMBOCTEH
MUCJICHHEBOT, BOJIBOBO1, €MOIIIIHOI chep 0COOMCTOCTI YUHS) ISl JOCATHEHHS YYHAMH MaKCHMAJIbHO MOYIIHBOTO
3aCBOEHHS HABYAIILHOTO Marepialy — OCOONMBO Ha TONIHOJIEHOMY piBHI, Mepea0adeHoOMy Opi€HTHpaMH
s omiHioBaHHA. Binrak, JepkaBuuit cranmapt [ICO Bu3Hadae aBa crpsiMyBaHHS 3100yTTs NpoginbHOT
cepeHbol OCBITH: akajieMiuHe i ipodeciliHe. Y KOHTEKCTi ¢(hOKYCOBAHOCTI Ha CTpATETIYHIH POJIi MATEMATHKH SIK
LIKUIBHOTO HABYAJIBHOTO MPEIMETA, 1110 TOPY€ IHTEHCUBHY OCBITHIO TPAEKTOPIIO YUHS Ha IUIAXY /0 CYy4acHO1 BUIIOT
MaTeMaTHUYHOI OCBITH, 3aCTOCYBaHHS Ta CTBOPEHHS MaTeMaTHYHUX METOJIB B 1HIIMX HAYKOBUX rajiy3sx i cepax
BUCOKMX TEXHOJIOTIHM, BHALIMMO caMe akKaaeMiuyHy mnpodimizamito Ha ocHOBIi momIMOJEeHOTo
HaBYaHHA / BUBYeHHs MaTemaTnku B 10—11(12) xiracax crapiioi OIkom.

[lepexin crapmoi mxkonmu Ha npodieHYy TIATGOPMY € BY3JIOBUM KPOKOM MOJEpHi3allii CUCTEMH OCBITH,
sKa, 3rigHo 3 HalioHaabHOK JOKTPUHOK PO3BHTKY OCBITH, 3aTBepikeHOl0 Yka3oMm [Ipesupenra Ykpainu
Bin 17 xsitHs 2002 poxy Ne 347/2002, BinOyBaeTbcsi Ha OCHOBI ii ¢ynoamenmanizayii y Bumipi bononcekoro
npouecy (cnenianbauit Memopanaym FOHECKO, 1994 p.). C. T'onuapenko, M. Kosrontok, I'. BacekiBchka Ta iHIIi
JOCIITHUKY PO3TIAAANIN MPUHIIMIT (DYHIaMEHTaI3allii OCBITHROTO IPOIIECY B CTATyCl YHIBEpCAIbHOT IUIAKTHYHOL
Kareropii, Ha sKii 0a3yeThcsi cydacHa ykpaiHcbka ocsita (T'onuapenko, 2008a, 2008b). [Topsia i3 rymaHizaliero
ocBiTH (TiAgKpecnuMo, 1o ii HeoOXigHOW yMOBOK € audepeHIiamiss OCBITHROTO TIPOIECY), HAYKOBICTIO
Ta CHUCTEMaTUYHICTIO HaBYaHHS, (DyHAaMEHTali3allis BUCTynae (GOpMyBaIbHUM YHHHUKOM 3MICTy OCBITH, Bi1OOpY
3MICTY, 11 JUIAKTHKO-METOJUYHOTO pecypcy (imB. Takox (3axapuyk, 2015)). ¥V maremaruuHiii ocBiTHIN ramysi
peastizanisi UbOr0 NPUHLMIY HA PI3HUX OCBITHIX PiBHSX, eramax 3100yTTd OCBITH, IiJ Yac crewuiamizauii Ta
CaMOOCBITH MPOTATOM JKUTTS 3a[il0€ BCIO MAJITPy NEJaroriku MaTeMaTHKH (3pO3yMijio, IO e HpUTaMaHHe
W iHIMM TpeaAMeTHUM ramy3sM). [IpodinbHe BUBUEHHS MaTeMaTHKH Ha IOTIMOJIEHOMY PpiBHI, MparHEHH:
30pi€HTYBAaTH 3HAYHYy YacCTHHY MAaTeMaTHYHO OOJAapOBaHMX Y4YHIB, YYaCHHUKIB IHTEJIEKTYaJIbHHX 3MaraHb Ha
NoAanbIIni BUOIp BUIIOT OCBITH 3 MaTeMaTUYHUM S,IPOM 00yMOBIIIOE (PyHIaMEHTaI3a1lil0 OCBITH Y HEPO3PHUBHOMY
3B’S13KY 3 00CSATOM HayKOBUX 3HaHb Y KOHTEKCTI il npoghecionanizayii. 1 Tomy npodecioHanizaiiro oOCBITH HEOOX1IHO
pO3MISIaTH SK 3 TOYKH 30py 3a0e3ledeHHs HaJe)KHOTO PIBHS IMiJITOTOBKH MaHOyTHIX YYWUTENB MareMaTHKiB
Ta X MicIAaUIIIOMHOI (HemepepBHOi) ocBiTH (3anopiHa Ta iH., 2022), TaK i 3 HO3ULI PO3BUTKY CHeELiaTi30BaHUX
MaTeMaTUYHUX KOMIIETEHTHOCTE! Ta OCBITHBO-NPOQECIHOTO TPEKy YUHIB B yMOBax npogiiizaiii crapiiix Kiacis
Horoi ykpaiHChKOi mikojau. YKpaiHChKI ¥ 3apyOiKHI BU€HI aKTMBHO PO3BHBAIOTH IIAXOAM IOA0 00’ €IHAHHS
¢dynnamenranizanii Ta mnpodecioHamizamii OCBITH B €AMHUH TpouLeC eceHepanizayii 3HaHb — KOHLEHTpAaii
HaBYAJIBHOTO MaTepiany i TMAaKTUKO-METOANYHOTO PECYpPCY Ha OCHOBI MIPUHIMITY LITICHOCTI HABKOJIO KIIFOUOBUX
TEOPETUYHHUX PO3/LTIB I CHCTEMH HaBYaHHS PO3B’sI3yBaHHS 3a1a4. BBaxkaeMo, 1110 /1t Ipo¢iIbHOIO MOMIHOICHOIO
BHBUCHHS MAaTEMaTWKH B CTapIIii IIKOJI, JOMATKOBOI OCBITH MaT€MaTHYHO OOJapOBAaHUX YUHIB aKTyaJIbHUMH
3anumaroTbess BUCHOBKU 1. Jlo’stHOBOT Ta 1. BoOunesa (2015) mpo po3ymiHHS CHIPSIMOBAHOTO HAaBYaHHS 4epes3
OpI€HTAIIO 3MICTy, (OpPM, METOMIB HaBYaHHS MaTeMaTHKH Ha (GOpMyBaHHS Takux OPOQECIHHUX SKOCTEH
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0COOHCTOCTI, B IKUX 3HAXOATh CBOE BIIOOPaKEHHS CIeIliadbHI MaTeMaTHIHI KOMIIETCHTHOCTI. X04a ITi BUCHOBKH
Oynu 3po0iieHi Ha «JIOKaTbHOMY» MiAIPYHTi OJHOTO 3 GyHAaMEHTaIbHUX MaTeMAaTUYHUX KYPCiB, SIKi BUKJIQAAI0ThHCS
MaiOyTHIM yYWTENsIM MaTeMaTHKH, aHajli3 CYKyMHOCTI MEAaroriYyHuX YMOB, IIO 3a0e3nedyroTh e(eKTHBHICTDH
YIPOBKEHHS 171eH, CXeM 1 TEXHOJIOTi# mpodeciifHO CIIpsMOBaHOTO HABUYAHHS MaTeMAaTHIHUX JUCIHILIIH Ta IXHIX
OKpeMHX pO3IiIiB (T€M) € peJeBaHTHUMH JUIS 3aBAaHb, KOTPI Ma€ BUPILIyBaTH Mpoditizalis cTapLioi KON
i, BIAMOBIJHO, CHCTEMA MiABUIICHHS KBami(ikallii Ta HENepepBHOI MMEeAAroridHOl OCBITH K OCBITHRO-TIpO(deciiiHe
CEepPeOBHILE CyYaCHOTO BUUTEISI MATEMaTUKH.

VYTiNneHHd AUOAKTHYHUX KOHIEMIH 3aJe)KUTh B Y3TOMKEHOCTI BCiX OCBITHIX KOMIIOHEHTIB y MHTaHHIX
BUOY/IOBH i€papXii, cucTeMarn3alii Ta 1000py 3MicTy OCBITH (IIKIJIBHOI OCBITH, YCiX PiBHIB MEQaroriyHoi OCBiTH)
1U1s1 320€3MeYeHHS ONITUMAaIbHOTO HAaBUaHHSA MaTEMaTUKU. Y 3B’S3KY 3 IIMM OCOOJIMBUI CTaTyC TPUTOHOMETPUYHOIO
Marepiaiy BUAUISABCS B 0ararbox AUCEPTalliiHUX AOCHIHKEHHIX, YUCICHHUX CTATTSIX HAYKOBOTO T4 METOJMYHOIO
XapakTepy, HaBYAIbHO-METOJAMYHHUX IMOCIOHMKAaX Tomo. Ha BiAMiHY BiJ KJIACHYHUX METOIWYHHUX TPATUILIH,
ChOTOIHI B 0a30Bili MIKOJIi €IEMEHTH TPUTOHOMETPIi peai3yroThCsl B CTATyCi CyTO TEOMETPHUYHOTO IHCTPYMEHTapil0
B Kypci mmaHimerpii (8-9 xmacm). Pi3HOMaHITTA TpUTOHOMETpHYHUX QopMyn Ta cHenudiuHi MpHHOMH
MEPETBOPEHHSI TPUTOHOMETPUYHUX BHpa3iB (1[0 paHille po3misfanoch y 9 Kiaci), BIACTHBOCTI U rpadiku
TPUTOHOMETPUYHHUX (QYHKI[IH, METOW PO3B’s3yBaHHs PIBHSIHB 1 HEPIBHOCTEH — yce 1€ MEePeHeCceHo 0 CTapuIol
IIKOJM B SKOCTI OJHOTO i3 CHCTEMOYTBOPIOBAIBHUX JDKEpeNl yCix 0e3 BWHATKIB 3MICTOBHX JIiHIN TporpaMu
MaremMartudHoi ocBiTH. He3paxarounm Ha YHIKQJIBHUM BITUYM3HSHUN JOCBiJ BUKJIAJaHHS TPUTOHOMETPHUYHOIO
Marepiaiy, HasBHICTh HEOOXigHOI OOMIMPHOI JiTepaTypH AJsl BUMTEINIB 1 YUHIB, MU CHOCTEpIraeMoO HEyXHIIbHE
3HW)KEHHsI PIBHSI 3HAHb 3 TPUTOHOMETPil BUIYCKHHUKIB IIKiJI, HEMOCTAaTHIO MOTHBALil0 3 OMaHyBaHHS IIHOTO
Marepialy HaBiThb B VY4YHIB KJIaciB 3 TOMIHOJIEHWM BHBYCHHSM MAaTeMaTHKH, CIlyXadiB (paKkymsTaTHUBIB
1 MareMaTnyHUX TypTKiB. CJiJl 3BepHYTH yBary i Ha Te, IO IOCBiJ pOOOTH 3 YUUTEISIMU Ha Kypcax MiJBHILECHHS
KBaJiQikamii, aHai3 piBHs MiJrOTOBKH CTYJCHTIB i BUITYCKHUKIB OCTaHHIX POKIB MaTeMaTHYHHX CIEIiaIbHOCTEH
3aKJIaJiB BHUINOI MEAaroriyHoi OCBITH BKa3yIOTh Ha METOJUYHI MPOOIEeMH 3 opraHi3allii HaB4YaHHS TPUTOHOMETPIi
3 ypaxyBaHHSIM iHAWBiTyanbHUX Ii3HABAIBHUX 3aIUTIB, 3I0HOCTEN Y4UHIB MPOQIIEHAX MaTeMaTHYHUX KJIaciB.
Mu MOKEMO CTBEPKYBATH, 1[0 aKTyaJbHOIO 3IMIIAETHCS MPOOIeMa MONOTaHHS MPOTHPIY MK TIOMiHYIOUUMH
EKCTEHCHBHUMH (OPMaTbHO-AJITOPUTMIYHUMH METOAMYHUMH MiAXOAaMHU OO0 BUKJIAJaHHS TPUTOHOMETPUYHOIO
Marepiaiy Ta Horo BeJTMYE3HUM PO3BUBAJIBLHUM MOTEHIIAJI0OM, IHIUKATOPOM SIKOTO € PO3B’sI3yBaHHS HECTaHIAPTHUX
3aJlad IiJBUIICHOTO PIBHA CKJIAIHOCTI, SKICTh MiJrOTOBKH JI0 MareMaTWYHHMX OJIIMITIaJ PI3HOTO pIiBHSL.
Taki mpOTHPIYYS € UILTBHO OB’ I3aHUMH 3 TPOTHPIYUSIMU MiXK MTI3HABATBHOIO AU(epeHIialliero YUHIB TPodiTbHUX
KJIaciB 3 MOMIMOJIIEHMM BUBUCHHSM MAaTeMaTHKH W OOMEXEHHMH PeajJbHUMH MOXJIMBOCTSAMH ii MOBHOLIHHOTO
BpaxyBaHHs B MPOIECi HABUAHHS MaTeMaTHKH.

Hopmu TIlIpodeciiiHoro cranaapty, 3akiafieHi y NpeAMETHO-METOAMYHOMY CerMeHTi A2 CTpyKTypu
KOMIETEHTHOCTEH Y4YHUTENsl, MEPEKOHINBO OPIEHTYIOTb HA Te, L0 JOCTIUKEHHS W PO3BHUHEHHS IUAAKTHUKO-
METOAMYHUX TEXHOJOTiH, CTPATeTrii, iIHCTPYMEHTIB y cdepi MeJaroriku MaTeMaTuKy MMOBUHHI IPYHTYBaTUCh Ha
PO3YMiHHI KOMIUIEKCHOI CYTHOCTI KOMIIETEHTHICHOTO TIiJXOAy — HEPO3PHBHOI €IHOCTI CIemiaai30BaHOl
MareMarudHoi (TMpeaMeTHOi) KOMIIETEHTHOCTI Ta METOAMYHOI KOMIIETEHTHOCTI, SKa BiloOOpa)kae CYTHICTb
mpodimizamnii crapmoi mkoiaw. TBopYe 3aCBOEHHA Ta IHTEpIpETallisi MaTeMaTHYHUX 3HaHb € aOCONOTHO
HEMOXKJIMBUMH 0€3 TaKoi MapairMu MPOIEeCy «HABYAHHS-BUCHHSD», B IKOMY «Y4Hi aKTHBHO CTBOPIOIOTH PO3YMiHHSI
BITPOJIOBXK TOTO, SIK BOHH MPUHAMAIOTh yce OUIBII CYTTEBY YYaCTh Y BIATBOPEHHI CTAINX MaTeMaTUYHUX MPAKTHK)
(Symbolizing and Communicating in Mathematics Classrooms, 2000, c. 21). ®yHKILIisI BUNTENSI MaTEMaTUKU MYCUTb
3MIHUTHCH 3 NAcHBHOTO (hOpMaTy «IOKa3 1 PO3MOBiAb» HA OINEpPAaTUBHE KEPiBHHULITBO MPOLECAMH MHCICHHS,
Taky MIATPUMKY MHCICHHEBUX TMOOY/IOB CiyXadiB, sKa pO3BHBAE IHIWBIIyallbHE MUCIICHHS, HABHYKU
IHTENIEKTyaJbHOI KOMYHIKallii, PU3BOIUTH A0 OOIPYHTOBAaHOI'O MAareMarH4HOTO PO3YMIHHS Ha OCHOBI aHai3y,
CHHTE3Y, IeAyKTUBHUX Ta IHAYKTUBHUX CXeM MHUCIIeHHA (3anopiHa Ta iH., 2024).

[MocriliHe HaTTOBHEHHSI, OHOBJICHHSI i OCMUCIICHHS TUJJAKTHKO-METOIUYHOTO PECYPCY OKPEMUX PO3LTIB (TeM,
3aJJaYHUX «IIHIHOKY 1 T. JI.) Kypcy MareMaTHKH (y TOMY YMCITi Ha PiBHI PaKyJIbTaTUBHOI, IypPTKOBOT, iH/IMBITyaIbHOT
poOOTH 3 akageMidyHO OONAapOBAaHMMH YYHSIMH) — OCOONMBO TakuX, Oe3 MepeOiTbLICHHS, MariCTpaJbHUX
1 BU3HAYAJILHHX, SIK TPUTOHOMETPIsI, — IOBUHHO BBAYKATUCH BAXKJIMBUM 1 IEPCIIEKTUBHIM IIPOCTOPOM JUISI HAYKOBUX
po3BiIOK. Mu jgoTpumyeMoch (hOpMaTy CTBOPEHHS KOMIIAKTHAX MPOJYKTUBHHX 3TOPHYTHUX JIHJAKTHIYHHUX
KOMIUIEKCIB-CTPYKTYp «Teopis-3afadi» Ha 0a3i renesucy Ta mepeHeceHHA Te3u C. CeMeHIs Mpo NPUHLMUIH
PO3BHBaIBHOT HACTYIMHOCTI, (hOpMyBaibHOI 3a1a4HOT IPUPOAH LITICHOCTI HABYAIBHO-MaTeMaTHYHOI JisSUIbHOCTI
Ta PO3BUTKY MareMaTHYHHX 3[i0HOCTEH y4YHIB Ha piBEHb CHHXPOHI3aIlil 30H HAHOIMKYOr0 MareMaTHIHOTO
PO3BHUTKY PI3HHX KaTeropii 3100yBauiB OCBITH (HEmEpepBHOI OCBITH) i BiAMOBIIHUX 30H (PaxoBOTO MPEeAMETHO-
METOIUYHOTO KOMIETEHTHICHOTO PO3BUTKY BUMTEIIS, 30KpeMa — y KOHTEKCTi 1HCTUTYLIIOHAIBHOTO IiJBUIIECHHS
kBamidikamii (Mitensman, 2022; Mitensman, 2023a; Cemenenp, 2006; Cemenerts, 2016).
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AHaJti3 momepenHix gocaimkedb i myoaikaniii. OCoONMMBOCTI BHKJIaMaHHS TPUTOHOMETPIi Ha PI3HUX eTamax
1 PpIBHAX MIKITbHOI MaTeMaTHYHOI OCBITH, MUTAHHSA TEOpil 1 MPaKTUKX PO3B’S3yBaHHS OCHOBHHX THIIIB 3a/1ad
3 TpUroHOMeTpii (y TOMy 4Hcii ¥ ONiMIiaAHUX Ta YCKIAJAHEHHX 3ajad) JOKJIaTHO BHUCBITIIOIOTHCA B poOOTax
0araTbOX BITUM3HSHUX 1 3apyODKHMX HAyKOBLIB Ta BUUTEIIB-TIPAKTUKIB, BHKIAJadiB MaTeMaTHYHUX
CHEeIiaIbHOCTEH MeIaroTiYHIX YHIBEPCUTETIB, (haxiBIIiB y Taxy3i poOOTH 3 MaTeMaTHIHO 001apOBAaHUMHU YIHIMHU.

Cepen yKpaiHCBKHX IOCIIIHHKIB, YMil JOPOOOK 3HAYHO BIUTMHYB HAa METOAUKY HaBUAHHS TPUTOHOMETPIl
B IIKOJi, 3MICT BIAMOBITHUX PO3MUIIB IIKUTBHUX WiAPYYHHUKIB, IMOCIOHMKIB IS BYHUTEIIB 1 CTYICHTIB
MaTeMaTHYHUX CIIeNiaJhbHOCTeH memarorivHux yHiBepcuTeTiB HazBeMo I. bemza, I. XKuraproka, T. Konecnwk,
I Muxamina, B. Moropiny, €. Henina, 3. Cnenkans, M. Hlxkins, H. Hlysmy.

upokuil cnekTp 3agad 3 TPUTOHOMETPii 1 METOAIB iX pO3B’SA3yBaHHS MPEACTABICHO B MOCIOHHKAX
(bapanorchka & fcincekuit, 1999), (Faiimtyt & Yimakos, 1997), (Kapnenko, 2016), (Koner, 2006), (Ky3pMmeHKo,
2016), (Kymmip, 2006) Ta in. BaroMmrM BHECKOM A0 pO3MISAYBaHOI TeMaTuku € ociOHuk (Mepamsk Ta iH., 2008),
SKHH Ja€ BUUTEIIO TUIAKTHKO-METOINYHUI pecype Ta IHCTpyMeHTapii st AndepeHiiioBaHOro HaBuYaHHS KypCy
TPUTOHOMETPii Maiike B yCiX HOTO CKJIaJHUKAX.

CydacHWil cTaH cTparerii Ta METOMUYHHX OCOONMBOCTEH HAaBYaHHS TPUTOHOMETPIi BUCBITIIFOBAIN
T. bounapenxko, H. bopucoga i B. [llanoanosa, O. CMonspayK Ta iHIII aBTOPH.

Buninumo nuceprauniiine gociimxenas T. ['punuk (2010), B skoMy Ha OCHOBI KOHIIENIT iHTerpaii piBHeBoOI Ta
npodinsHOi Audepen iamii HaBYAaHHS 3MIACHIOETHCS IOKIATHHUNA aHai3 1 MOAETIOBAaHHS TU(EpeHIiioBaHOTO
BUBYCHHS TPUTOHOMETPUYHOTO Marepialy B Kypci MareMarhku MpOQUIbHOI IIKOIH, CIIPSIMOBAHOTO
Ha OCOOMCTICHMI PO3BUTOK YYHIB, IX 3aJy4YCHHS JO HaBYAJIbHO-II3HABAILHOI JISILHOCTI BIJAOBITHO J0 Pi3HUX
PIiBHIB COIiaJIbHOTO 3aMOBJICHHS IIKIJIbHIA MareMaTH4YHii OCBiTi. [IuTaHHS METOMUKY BUKIIQJAaHHSI TPUTOHOMETPIT
B npoinbHiH mrkom po3rsaanu Takox B. Poroseskuit, B. KobepHuk.

OmiMmiagHi 3agaqi  TPUTOHOMETPHYHOTO 3MICTy TMPEACTAaBICHO B 30ipHMKAaX 3aBAaHb HalllOHAIBHUX
1 MDKHapOIHUX OJIMIIaJ, IHIIMX MAaTEeMaTUYHUX 3MaraHb, MOOYJAOBAaHUX 3a TPAAULIHHUM TPUHIIAIIOM
npeyedeHmuux kiacugixamopis. Jlxepena Takoro TUIy MarOTh, HACAMITEPET, JOBITKOBO-IOTIOMIKHHN XapaKTep:
BOHH JTO3BOJISIIOTh YYHSIM OIIHIOBaTH BJIIACHWH PiBEHBb MiATOTOBKH, YYWUTENSIM — IOTIOBHIOBATH «OaHKM» 3aiad
JUIS TIPOBEJICHHS 3aHATh TOHIO. AJle OCKUIBKM IIi JOOIPKU 3IeOUIBIIOr0 He MICTATh HaBYAIBHO-METOIUYHOT
CKJIQJIOBOi, TO HaBEIICHHS HABITh MOBHUX PO3B’si3aHb 1 BIJIOBiJEH BHMarae IUILOBOTO JIOTIKO-IAWIAKTUYHOTO
aHautizy 3 00Ky BUUTENS. 3ayBaKUMO, II0 MPAKTHKY 3aCTOCYBAHHS TPUTOHOMETPHYHUX TTiIXOJIIB 10 PO3B’ I3yBaHHS
0araTbOX pI3HOILIAHOBUX OJIMITIAJHUX 3a]a4 HAWBUIIOTO PIBHS CKJIAJHOCTI Ta KOHTYPH HAaBYaHHS I[bOTO
001apOBaHUX YUHIB ITiJT Yac iX MiJrOTOBKH JI0 OJIiMIIiaJl CHCTEMaTHU30BYBaJIi Ta OMKCYBad, 30kpema, T. Andreescu
i Z. Feng (2005).

KopucHi MeTonuyHi NPUHIMIK W OPIEHTUPH MIOAO 3aCTOCYBAaHHS TPUTOHOMETPIi 10 pO3B’S3yBaHHA 3a/ad
3 aireOpu, 3Ha4YHY KUIBKICTh PO310paHMX MPUKJIAIIB, 3aBAaHb I CAMOCTIHHOIO PO3B’sA3yBaHHS MICTATh CTATTi
B. Sxunsmexa (2001) i H. Tpersx (2011), wna3Bammii Bume mociOHuk (Mep3nsk Tta iH., 2008).
Takox 11 3aIIPONIOHOBAHOI CTAaTTi BaXKIIMBE 3HaueHHS Mae poOora (Scincekuit, 2008), B sAKiil mOKIaTHO
PO3IISIHYTO METONUKY H TEXHIKY TPHUTOHOMETPHUYHHUX JIOBEJCHb OJIMIIaJHUX anrebpaiyHux HepiBHOCTEH
3 JIOAaTKOBUMH OOMEKEHHSIMH Ta HaBEJCHO YUMAJIO 3a]1au 3 MaTepialiB aBTOPUTETHUX MaTeMaTHYHUX OJIiMITial.

Mera crarti. Po3B’s3yBaHHA W MOCHIJDKEHHS HECTAaHJAPTHHUX pPIiBHSHb, CHCTEM pPIiBHSHb, HEPIBHOCTEW,
JIOBE/ICHHSI HEPIBHOCTEH € HA/[3BHYAHHO BAXKIMBUM KOMIIOHEHTOM TEOPETHYHOTO Ta MPAKTUYHOTO MPO(iILHOTO
(mornMOIeHOT0) BUBUEHHS MaTeMaTHKH B 0a30BiH 1 CTapIIii KO, MiJITOTOBKK YYHIB JIO MATEeMaTHYHUX 3MaraHb.
Oco6a1BOT METOANYHOI yBaru notTpeOyIoTh 3a1adi, (hopMabHa HOCTAHOBKA SIKMX 30BHILIHBO HE € 0e3M0CepeHbO
MOB’S3aHOI0 3 MAaTeMaTHUYHHMH JDKEepelaMHM iX BHHUKHEHHS Ta po3B’s3yBaHHA. CTarTs CTaBUTh 3a METY
BUOKPEMJICHHS, aKTyasIi3allito, KOOPAMHALIII0 METOAMYHO 3HAUYINUX iJIeH 1 3B’SI3KIB JICAKUX THUIIB anreOpaiuHux
3aja4d ONIMIIIaZHOTO Ta/ab0 YCKJIaAHEHOTO PIBHSA, IO 32 CBOEIO CTPYKTYPHOIO CHENM(IKOI0 OIyCKAIOTh
TPUTOHOMETPHYHE «TIyMaueHHS». A TaKoX MU INParHEMO PO3MIMPUTH W JONOBHUTH ICHYIOUI JUIAKTHYHI
KOMIUIEKCH 3 Ii€T TEMATUKM JUTS TiJICHIICHHS TIO3UTHBHOTO OCBITHBOTO PE3YyNBTaTy — aKTUBI3allil HA0yTUX YUHSIMH
CYKYIIHMX MaTeMaTHUYHMX KOMIIETEHTHOCTEH 13 CHHXpPOHI3amlil BCIX IT'SThOX 3MICTOBUX JIHIM IIKUIBHOT
MaTeMaTHKH, 3pOCTaHHs TBOPYOTO MOTEHIialy BUMTEIIB MaTeMaTHKH, HOCTIHHOTO OHOBJICHHS 3MICTY Mi/IBUILIEHHS
iXHbOT KBaTi(iKaIIii.

Bukiaax ocHoBHoOro marepiajy aociaimkeHHs. [lomaHHs BUpa3iB, 3MIHHHX, YHCEJ, HEBIJOMUX BEIWYHMH
K 3HAUCHb TPUTOHOMETPHYHHMX (YHKUIH — 3 ypaxyBaHHAM aireOpaidHoi CTPYKTypH 3a1adi Ta OOMEXCEHb,
IO AMKTYIOTHCH il YMOBOIO, — € J00pe BiJOMHUM IiJIX0Z0M A0 TPUTOHOMETPHYHOI TpaHchopmallii 3agayi. 3 iHIIOro
OOKy, TPUTOHOMETPIisl B Cy4acCHOMY PO3YMiHHI BTpadae MareMaruvHy (He MetoanyHy!) cy0’eKTHICTh 1 (pakTHIHO
MO)KE€ OPTaHIYHO PO3IIAJATHCH SK CYTO OIepallifHa peai3allisi «aireOpm» Ha OJMHUYIHOMY KOJIi, 3aJaHOMY
piBasHHAM x2 + y2 = 1. Ile, Ha Hamly aymKy, Oylo OIHI€I0 3 NPUYMH MO30aBIEHHS TPUTOHOMETPIi CTaTycy
OKpeMoOi IMKUTBHOI MareMaTU9YHOI IUCIUIUTIHM Ta T[OBHOI 11 iHTerpamii B Kypc anreOpu (BBEICHHS
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TPUTOHOMETPHUHKX (PYHKIIH KyTiB 3 mpoMikKy (0°;180°), 3po3ymino, 3ajMIIMIOCE Y 30HI BiANOBiZaIbHOCTI
reometpii). Take «pO3YMHEHHS» TPUTOHOMETPii B Kypci aireOpu, MOXKIWBO, 1 CHOPUSIIO 30MMKEHHIO TEXHIK
MEPETBOPEHHS are0paidHuX i TPUTOHOMETPHUYHHUX BUPa3iB, TEXHIK PO3B’s3yBaHHsI pPiBHSIHb, HEPIBHOCTEH 1 CUCTEM,
MTOKPAIMIIO PO3YMIHHS BJIACTHBOCTEH 1 TpadikiB TPUTOHOMETPUYHUX (YHKIIH y CEpeNOBHIN 1HIMX (YHKIIIH
13 MKITBHOI MpOrpaMH TOMIO, ajlé He BIUIMHYJIO HA PO3BHTOK CYTO anre0paiyHOro MUCIeHHS, ¢aHTasil
Ta BHHAXIiJUIMBOCTI SIK YYHUTEIIB, TaK 1 yYHIB.

Kepytounce KiI1r040BOIO KaTETOPIi€r0 pobouozo npodykmy METOROINOTI 1 miHHocTel agile (Manifesto for Agile
Software Development, 2001, http://agilemanifesto.org/), Mu MycrnMo CTBOpIOBaTH HaJeKHMHA MaTeMaTHIHUN
1 OUOAKTUKO-METOAWYHHMI KOHTEHT CIEI[aJbHUX TEMATHUYHHUX 3aJayHuX JIAHIIOKKIB Ta/ab0 OJIOKIB i
a/IaTOBAHOTO BHKOPUCTAHHS BUMTENSIMH B pOOOTi Ta B SKOCTI €EMEHTIB cTpaTerii JEeKIiiHHOI Ta MpaKTU4HOI
pobotu 31 cmyxadamu KypciB ImiIBHIEHHS KBamidikarii. BBakaemo, mo 1e sKHaiKpale BiAIOoBiIa€ MPUHIAIAM
apxiTeKTypH mporpam minBuineHHs kBamidikanii Oxecpkoi akageMii HenepepBHOi ocBiTH (Mitensman, 2023b),
SKi CTaBIATH 32 METY B UiTKii opMmi onepaTuBHO HAJaTH BUUTEIISIM KOMIIAKTHY, 30aJIaHCOBaHy CHUCTEMY 3HAHb
3 00paHOi TemMu — poOouMii MPOAYKT y pO3yMiHHI IiHHOCTel agile. 30amaHcoBaHICT Mae BpPaxOBYBaTH
SIK TIEPCIIEKTHBY JUIA yYHIB 3aCBOITH HOBi 3HaHHS, OTPHMAaHI BYMTENIEM IIiJ] 4ac MPOXOMKEHHS KypCiB, TaK
1 HEOOXiJHICTh MOCTIHHO TOMOBHIOBAaTH OOCAT 3HAHb CAMUX YYHUTENiB, COPMOBAHWU TMiJi Yac BWUBUCHHS
(yHIAMEHTaTBHUX 1 CIeNiaJbHIX MaTeMaTHIHUX JWCIUILTIH Y 3aKJIajax BHUIIOI OCBITH 1 3aTpeOyBaHMi Mix dac
iXHBOI TIENaroTivyHOI MisITFHOCTI B 3aKJIajaxX 3arajibHOi CEPEIHBOI OCBITH Pi3HHUX THUMIB (OCOOIMUBO, KONH HIETHCS
Npo HaBUaHHA 00JapoBaHMX Y4HIB). Buxomsum 3 1i€i mpoOnemu, NPOMOHYEMO TaKy CHCTEMy 3ajad,
SKa YIOCKOHAJIUTh METOAMKY HABYAHHS 3aCTOCYBAaHHS TPUTOHOMETPUYHOTO mepedopMaroByBaHHS AJS JEIKHX
THUIIIB 3a]1a4 3 anreOpm.

3agaua 1. Jlosenits, mo mis Bcix x € [—1;1] i y € [—1;1] Bukonyerscs HepiBHICTH Xy + x4/1 — y? +
yW1—x%2— /(1 —x2)(1—y2) < V2.(11)
Po3B’s13aHHsI. Ockinbku xy+xJ1—-y2+yV1—x2 < |xy +x1—y2+yV1— x2| < |x|lyl +

le\/l —y2 + |y|V1 — x2, To moxHa BBaxkatH, M0 0 < x < 1i0 <y < 1.Tloknazemo x = cosa,y = cosf3, a €
[0; /2], B € [0; /2]. Toni niBa yactuHa HepiBHOCTI (1.1) HaOy e BurisiLy cosacosf + cosasinf + cosfsina —
sinasinf = cos(a + B) + sin(a + B). Axne x cost + sint = v/2cos G — t) <V2.m

3aysasicenns. ®akTHUHO MU 3HAHIIUIA TOYHY BEPXHIO OIIIHKY BHpa3y 3 JIiBOI YaCTUHH HEPIBHOCTI, 00 3HAUECHHS

V2, OYEeBHUIIHO, NOCATAETHCS. 3a/1ady MOXKHA MTPOMIOHYBATH SIK 3a/1ady Ha 3HAXOKEHHS HAaOIIBIIIOTO0 MOMIIUBOTO
3HA4YEHHS I[LOTO BUPA3Y.

3anaua 2. Jlosenith, mo ans Beix x € [—1;1] i y € [—1; 1] Buxonyetses nepisricts V1 — x2 + /1 —y2 <
21— ("*—y) (2.1)

x|+
Po3p’s13anHd. 3BepHemo yBary Ha Te, o 0 < 1 — (%) <1- ( *y ) 1 TOMy MOKHa BBaxatu, 1o 0 <

x<1i0<y <1 Tloknagemo x =cosa, y =cosf, a € [0;m/2], B €[0;m/2]. Toni HepiBHicTh (2.1)
3aruMImemMo y BI/IFJIHZ[I

2 2
. . cosa+cos . a+ a+ a—
sina + sinf8 < 2\/1 - (TB) , Sin zﬁ cosT J (COSTBCOSTB) ,
. a+ -
sin2 28 052278 <1 — 052 % 052 9F 0522 P < 1. m
2 2 2 2 2

3aysascenns. IloTpiOHMIA pe3ynbTaT TAKOXK AEMOHCTPYETHCS OHyKJ'IiCTIO noropu GyHki f(t) = V1 —t2, t €
[—1; 1].
3agauya 3. Bigomo, 1o

1 1 1
1+a* = 1+b* = 14c* + 1+d4 =160
Hosenits, mo |abed| = 3
Po3p’sizanHs. be3 oOMexeHHs 3araibHOCTI MOXHaA BBaxkatu, mo a > 0, b > 0,c¢ > 0,d > 0. 3podumo 3aminy:
2 =tga,, b? = tga,, c? = tgaz, d? = tga,; a; € (0;%), 1 <i < 4. Toni piBuicts (3.1) Mae Burmsg cos?a; +

cos?a, + cos?az + cos?a, = 1. Omxe, BUKOPUCTOBYI0UH HepiBHicTh Kori, ogepxkumo: sina; = 1 — cos?a; =

3 . . . . . .
cos?a, + cos?az + cos?a, > 33/cos?a, - cos?as - cos2ay i me Tpu ananoriuni HepiHOCTI. [lepeMHOKMMO Taki
YOTHPU HEpiBHOCTI i oTpuMaemo: sina; - sin’a, - sin®as - sin®a, > 81cos?a, - cos?a, - cos?as - cos?ay,
tg?a, - tgla, - tglas - tgla, > 81. m

1 . .
— JTOBEITh HEPIBHICTH

3agaua 4 OKypnain «VY cBiti Mmaremarukm», Ne 3, 2002 p.). 10 < a, b, ¢ < 5
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a+b b+c atc a+b+c—abc
< . L7 v
1-ab + 1-bc + 1-ac 1-ab-bc-ac’ (4.1 .
Po3p’si3anns. 3poOumo mincTaHoBKy a = tga, b =tgf, c=tgy, 0<a, B, ¥ < = Toni nepiBHicTb (4.1)

marume Burin tgla+B) +tg(B+y) +tgy +a) < 2tgla+B+7y), 0<a+f+y< g PosrnsiHeMo

. t : :
byskmito f(x) = %, X € (0;%). Jlerko orpumaru, mo f'(x) > 0, x € (0;%), i Tomy GyHKIIis f CTPOToO 3pOcTae
tgla+p) _ tgla+pf+y) a+p
< < .
a+B T a+f+y ’ tgla+p) < a+pB+y
aHaJIOT14H1 HEPIBHOCTI, JOMABAHHAM SIKMX OEPKUMO MOTPIOHME pe3ynsrar. i

Ha TIPOMIXKKY (0; %) Binrak, tg(a + B + y). Banumemo e aBi

. . 1
3aysaoicenns. HecknamHo JOBECTH, 10 HEPIBHICTH (4.1) 3amummaerhes npaBuiabHOw i 111 0 < a, b, ¢ < =

N

3angaua 5 (IliBnenHo-Kopeticbka omimitiaga, 1998 p.). Hexaii st monaTHUX 4rcen X, Y 1 Z BAKOHY€ETHCS PIBHICTD

x+y+z=xyz (5.1) loBenitp, mo
1 1 1

Vitx2 © [1+y?  V1+z2

Po3p’si3anns. PigHicTh (5.1) Mae TpPUTOHOMETPUYHUI Ta reoMeTpuyHui 3MicT. [lo3Haunmo: x = tga, y = tgf,
z=tgy,0<a, B, v < g Toni tga + tgh + tgy = tga - tgph - tgy, tga (1 — tghtgy) = —(tgB + tgy). Ockinbku
_ tgB+tgy
1-tgBtgy
B +y=mnk, k €Z. 3 ypaxyBauasam Toro, mo 0 < a, B, ¥y < g, Maemo k =1, 3Bigku a + f + y = m. Jlerko

3
<=(52)

tgf +tgy # 0, To 1 — tgftgy # 0, i Tomy tga = , T00TO tgat =tg(—f —vy), a =—B—y+nk, a+

JOBOAUTHCS, 10 Koiu { + 1 + 6 = m, 1o tg{ + tgn + tgf = tgd - tgn - tgh (AKIIo I TaHreHCH iCHYIOTh). Binrak,
TOCTpi KyTH @, 3, ¥ € KyTaMH TPUKYTHHKa (TOOTO MarOTh CyMy, piBHY TT) TOAi I TiNbKU ToAl, KoM tga + tgf +
tgy = tga - tgf - tgy.

OTtpumanu HepiBHICTB COS @ + cos B + cosy < ; (5.3), siKa I TOCTPOKYTHOTO TPUKYTHHKA 3 KyTaMu ¢, f5, ¥

OZIEPKYETHCSI 3aCTOCYBAHHSIM HEPIBHOCTI €HCeHa /sl OMyKJIOi Joropu Ha npomikky [0; /2] ¢ynkuii y = cos x.
|

3aysascenns. Bapto HaramaTy, mo HEPiBHICTH (5.3) BUKOHYETHCS HE JIHIIE JJIsi TOCTPOKYTHOTO, ajie i 11 Oy/Ib-
SKOTO TpUKyTHHKA ABC 3 KyTamu «, [, Y, MONPH HEMOXKIHMBICTE BUKOPUCTATH HEpiBHICTh €HCEHa Ha BiAPi3Ky
[0; 7]. diticHo, sikito I — iHIEHTP IBOrO TPUKYTHHKA, i HOr0 BIMCAHE KOJIO JOTHKAETHCS 0 CTOPiH y Toukax P, Q

i T (puc. 1), To TOBOMKyBaHA HEPIBHICTh € PIBHOCHIIEHOKO HEPIBHOCTI (ﬁ’) + m + ﬁ)z > 0.

3a JI01moMOoroI0 TEOPEeMH KOCHHYCIB HepiBHICTH (5.3) HaOyBae anredpaiuHoOro
Bursiny abc = (b+c—a)(c+a—b)(a+b —c) (5.4) s cropin a, b i ¢
JIOBIJIBHOTO TPUKYTHHUKA. Y Takil cHTyallii HEpiBHICTh JOBOJUTHCS, 30KpEMa,
3acTocyBaHHsIM nepemeopenns Pasi (Slcincekuii, 2007; Manfrino, Ortega &
Delgado, 2005). HepiBHicTs (5.4) BUpakae KIIaCHYHY T€OMETPUYHY HEPIBHICTH
R = 2r pns paaiyciB oIMCcaHOro i BOMCAHOTO KOJIa TPUKYTHHUKA. JlaHa 3amaua
y dopmi eksiBaneHTHOI ceomempuunoi uepisnocti a(b + ¢ —a) + b?(c +
a—b)+c?(a+b—c) < 3abc Buepme nponoHyBanach, HameBHe, Ha VI
MixHapoHiil MaTemaTiaHii oximmiazni (1964 p.).

VY Oynp-sikomy TpukyTHUKY ABC 3i cropoHamu a, b i ¢, MiBIEPUMETPOM P,
paziycoM BIHCAHOTO Kojia r KyTH P, ¢ 1§ € roctpumu, Y + ¢ + § = w (puc. 1) , i Tomy tgy + tge + tgd = tgy -
tgg - tg8 (5.5), TO6TO 3p;2p _ (p=a)(-b)(p=0) p _ (p=a)(p-b)(p—c)

— e =t o pr’=pp-a)p-b)p—o).

Ockinbku S = pr — moma tpukytauka ABC, To criiBBigHOIIEHHS (5.5) Tpanchopmyerbes y popmyiny [epona.

HepiBHicTb (5.4), K HEBa)XKO MOKA3aTH, CHPABIKYETHCS HE JIULIE IS CTOPIH TPUKYTHHKA, aje i 11t OyIb-sIKHX
HeBix eMHUX uucen a, b i c¢. el ¢dakr nizHimwe QirypyBaB y 3aBJaHHAX HALIOHAJbHUX MAaTEeMaTHYHUX OJIMITiajg
(30kpema, sk HepisHicTs (5.4') a® + b3 + ¢ +3abc > ab(a+b) + be(b+¢) +ac(a+c¢),a=0,b >0,c >
0; 1975 p.).

BigzHaunmo, 1o y4acHMKM MI>KHApOAHUX MareMaTHYHUX OJIMITiaJ MaJd 1€ OAHY Haroay 3yCTPiTHCH 3 TAKUM
MOIYJISIPHAM CHOXKETOM.

3agaua 6 (XLI MixxnaponHa MatemaruyHa onimiiaza, 2000 p.). Hexali 11s JoAaTHUX Y4UCEN U, UV 1| W Ma€ Miciie

piBHicTh UVW = 1. JloBeiTh, 110 (u -1+ %) (v -1+ %) (W -1+ %) <1.(6.1)

. . . . . a b c
Po3p’sizannsa. Ockiibku uvw = 1, TO iCHYIOTh Taki JomaTHi uucia a, b 1 ¢, mo u = V= W=

1 1 . . . .

(Hampuknag, MoxHa B3ITH @ = 1, b = —C= ﬁ). Taxoto miACTaHOBKOIO HEPIBHICTH (6.1) 3BOMUTHCS 10 HEPIBHOCTI

(5.45.4") s posimernx a > 0,b > 0,c¢ > 0. m
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3agauya 7 (PymyHcbka omimmiaaa, 2005 p.). s nomaTHUX 4ucel a, b i ¢ 1OBEAITh HEPIBHICTD
2vab +bc+ca < /3- i/(b +c)(c+a)(a+b).(7.1)
Po3p’si3annsn. [Tokaxxemo, 1110 63 0OMEXKEHHS 3arallbHOCTI MOKHA BB2)XKATH, 10 BUKOHYETHCS PIBHICTH ab +

bc + ca = 1. Tlossauumo ab + bc + ca = A%, 2 > 0. Hexait a; = %, b, = %, = %, a;by + bic; + ca; = 1.

OTxe, HepiBHICTH (7.1) 3anuiemo y BUTIIAAL
2\/Aa1 -Aby + Aby - Acy + Acy - Aa; < V3 - 2i/(/lbl + Acy)(Acy + Aay)(Aay + Aby),
2\/a1b1 +bic; +cia; < V3- i/(bl +c¢;)(cy +aq)(ay + by),
2 < V3-3(by +c)(c +a))(aq +by).
Maemo gosectu HepiBHICTE (a + b)(b + c)(a +¢) = % (7.2) nas TakKUX OOAATHUX 4Kcen a, b i ¢, mo ab +

bc+ca =1 Hexaii a=tga, b=1tgf, c=tgy, 0<a, B, ¥y < g Tomi tgatgf + tgftgy + tgytga = 1,

tga(tgf + tgy) = 1 — tgftgy. Mozask tga > 0, tgf > 0, tgy > 0, to tga = ctg(y + B), tga =tg (% o ﬁ),
a+f+y= §+ ik, k € Z,3Binku k = 0, Tobtoa + f +y = g [ToTpiOHy HepiBHICTH (7.2) 3anMIIEMO TaK:

sin(a+p) _sin(B+y)  sinGra) 8 sin(z-y) sin(G-a) sin(G-p) _ s
cosacosfi cosfcosy cosycosa  3v/3’ cosacosf cosBcosy cosycosa 33’
cosy cosa cosf > 8
cosacosfi cosfcosy cosycosa 33

3
cosacosfcosy < (g) , (7.3)

0<a, ﬂ,y<§,a+,6’+y=£

>
Incosa+IncosB+Incosy < ln\/§

_ T
3 — - Aot Gynknii f(x) = Incosx, x € (O, 2),

[Iponorapudmyemo HepiBHicTh (7.3):

f1@) = —tgx, f'(x) = ——

cos?x
€HceHa,

<0, i ToMy f — omykJia JOTOpU Ha iHTepBai (0;%) (yHKIis. 32 HEpiBHICTIO

lncosa+lnc;s[>’+lncosy < lnCOSa+§+y _ lncos% —1n \/7§’
1o ¥ Tpeda Oyso goBecTU. W

3angaua 8 (Ilombcrka omimmiana, 1999 p.). Hexaii myis mogaTHUX 4uceln X, Y 1 Z BUKOHYETHCS PIBHICTh X + Y +
z = 1. Jlosenite, mo x2 + y% + z2 + 2,/3xyz < 1.(8.1)

Po3r’sizanns. 3pobumo 3aminy X = bc, y = ca, z = ab (Jerko J0BECTH, 110 TaKas CUCTEMa Ma€ €IUHHIA
PO3B’ 30K BiIHOCHO @, b i ¢ st Oynb-sSkux nofatHux x, v i z). Toni ab + bc + ca = 1, npudomy HepiBHICTH (8.1)
Habyne BumiAmy — a’b? + b%c? + c%2a® 4+ 2v/3abc <1, (ab + bc + ca)? + 2v/3abc < 1+ 2abc(a+ b +
€),V3 < a+b+c.Hexaiia =tga,b =tgf,c=tgy,0<a, B, ¥y < % Togi, sixk MU Bxke 3HaemMo, @ + B+ y =

5> 1 MA€MO HEPIBHICTH tga + tgf +tgy = \/§, KOTpa, Y CBOIO Yepry, BUILTUBAE 3 HEPIBHOCTI CHCEHA JJIS OIMYKJIIO1

JIOHHM3Y Ha iHTepBai (O; g) obyukuii f(t) = tgt:

tga+tgf+t a+p+ 3
ga+tgf g > tg By:tg—:—.l
3 3 6 3
3agaua 9. JloBeniTh, 110 3 I1’ATH TOMIAPHO PI3HHUX YMCEN 3aBXKIM MOXKHA 00paTH Taki /1Ba yncia (MO3HAYMMO 1X

x=y
< <
gepez x Tay), mo 0 < Ty = 1

., . T T ,
Po3p’si3anHs. 3anuiieMo Hall I ITh Yucen y BUITISIAL tga;, a; € (_E;E)’ 1 <i <5.Maemo: (—nt/2;m/2) =

(-m/2;—rm/4) U [—n/4;0) U [0;t/4) U [m/4; m/2). XKogui ABa 3 IMX YOTHUPHOX NMPOMIXKIB HE MAFOTh CIIUTBHUX
TOYOK (€ TU3’FOHKTHUMH), 1, 32 TPUHIUTIOM JlipixXJie, 10 OJJHOTO 3 HUX TOTPAIUISIOThH IPUHANMHI JIBa 3 T’ ATH YHCE
. . . tga,—t

@;,1 <i<5 Hexalinea; < a,.Toni 0 < a, —a, <%,0 <tgla, —a;) < tg% = 1, ToGT0 0 < 52571

b

1+tgastga,
1 MM MOXEMO B3TH X = tga,, Y = tga,. i

HacrtymHa 3a1aua ja€ MOXKIIMBICT JIUAAKTUYHOTO #iOCUIeHHs PO3IOPAHOTO TBEPIKECHHSI.

3anaua 10. JfoBesiTh, 1110 TBEP/HKECHHS MOMEPEHBOT 3a/1a4i 3aTUIIAETHCS MPABUIIBHUM, SKIIO YHCEN HE T SATh,
a JIMIIE YOTHPH.

Po3p’s3anHs. [neto po3B’sa3anHs 3aga4i 9 noTpibHo Moaudikysaru. Hexail tga, tgf, tgy, tgd — nani yotnpu
4yucna, —% <a<f<y<d< g Po3i6’eMo cerment [a; @ + ] Ha woTHpHM piBHI 3a JOBXHHOIO IOMAPHO
W3’ IOHKTHI TpoMikkn: [a;a+7m| =[a;a+n/4d)VU[a+n/4a+n/2)U[a+1/2;a+3n/4) VU [a+ 3/
4; a + m]. PosrmssHeMo msath uncen ¢ < B <y < § < a+m. Xoya O OOUH 3 YOTHPHOX MPOMIKKIB MICTHUThH
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MPUHAMHI JIBa 3 IIUX 11’ TH YUCEN (3pO3yMiIIo, 0 TAKUMH JIBOMA YUCIIAMH HE MOXKYTh OYyTH @ 1 & + T OIHOYACHO).
3anmaeTsesi CKOPUCTATUCHh MIPKYBAaHHIMHY 3 PO3B’sI3aHHS 3a4a4i 9 Ta m-nepiomudHicTIo QPyHKINT Y = tgx (SKIo
OJTHMM 3 JIBOX YHuceN Oyae a + ). |

3agaua 11 CKypnain «VY cBiti maremarukm», Ne 3, 1996 p.). JloBeniTe, mo i AOBUIBHUX AIMCHUX YUCeN a, b i

C BUKOHY€ThCS HepiBHicTh ab + be + ca < 1+ /(1 + a?)(1 + b2)(1 + c2). (11.1)

Po3p’si3anns. Ockineku ab + bc + ca < |ab + bc + ca| < |a||b| + |bl|c| + |c]|al, To Mmoxemo oOMexuTHCH
HEBiT eMHUME yuciamu a, b i c. [okmagemo a =tga, b =tgf, c=tgy, 0<a, B, y < % Hepisnicts (11.1)

1 . . : :

Matume BuDIAn tgatgf + tgftgy +tgytga <1+ P — & sinasinfcosy + sinfsiny cosa +
sinysinacosf <1+ cosacosfcosy cos(a+f+y)=—-1. =

3amaya 11 mo3BONsA€ 3BEPHYTH yBary y4HiB Ha «pO3TOpPTaHHs» KOCHHYCa CYMH TPhOX KyTiB (IO B MIKITBHIN
MPaKTHUIl PIAKO KOJMU 3YCTPiYaeThes) 1 MOKE MPOIOHYBATUCh IS 3aKpilUIEHHs OCHOBHOI 1711 Ta caMOCTiHHOTO
O3B’ sI3yBaHHSI.

3agaua 12 (I Beeykpainceka Internet-omimmiaga, 2001 p.). Po3B’sokiTh piBHSIHHS
1 1
S +———==1.(121
xz (4—X\/§)2 ( )
Po3p’si3anHs. 3acTocyeMo TPUTOHOMETPHYHY Mapamerpusamito piBHsHHA (12.1) i 3Bememo 3amady o
pPO3B’sA3yBaHHS CUCTEMU

1
— = sing,
X
1
———— = cosa,
4 —x\3
O<a<?2 ;tn ¢37r
a T, Z,a >
OTxe,
la=Z+2 €Z
1 a—3 mn,n .
== ) 2w 2mm
smaﬂ a=?+—3 ,m € Z;
sin(a+§)—sin2a=0, { 1
s 3n xzsina'
0<a<2n,a¢§,a¢7; T 3
LO<0c<27r,oc;t§,aqft7.

Temep MU JicTaeMo BCi YOTHPH KOPEHI BUXITHOTO PiBHSHHSL.

. . 1 1 1 1
Bionogiov: x = —%, X = —55, X = —%5, X = —zz. B
sSin— n— sSin— S

9 9

3anaua 13. Po3s’suxith piBHsAHHES V1 — x = 2x2 — 1 + 2xV1 — x2.

Po3p’si3anns. 3 HeoOxinuicTio X € [—1; 1] (11e — obmacts momycrumux 3Hadens (OJ]3) pisuinns). HasBHicTH
BupasiB V1 — x2, 2x? — 1 ykasye Ha JOLIIBHICTb MiJICTAHOBKH X = cosa, a € [0; ], ska 3abe3nedye B3a€MHO
OJIHO3HAYHy BianoBimHicTe MK Bigpiskamu [0;7] ta [—1;1] i TpancdopMye ippallioHaNbHE PIBHAHHS B
TPUTOHOMETPUYHE \/Esin% = cos2a + sin2a, sin% — sin (Za + %) =0.

st a € [0; ] po3misiiaeMo CyKyIHICTh

_3n+4nm c7
T s TS
. m 4tn €7
a = G 3 , n

Hecknaauo BusHaumTH, 1110 YMOBi @ € [0; 7] Bixnosinae jume m = 0, i piBHAHHSA Ma€ €IMHUN PO3B’SI30K.
. . 3
Bionogiob: x = cos £. [ ]
3aysasicenns. llell po3B’S30K, SK BiJOMO, MOXXHA BUPA3UTH B pajuKaliaX, CKOPHCTABIIUCH (popMymamu
. . . . . . o 5—1 . . .
sin3¢ = 3sin@ — 4sin3@, cos2¢ = 1 — 2sin?¢. Ockinbku sin18° = \FT (1€ enunumii Kopinb piBHAHHA 4x3 —
2x2=3x+1=0, (x —1)(4x%? + 2x — 1) = 0 na npomixky (0;1)), To 3HaXoAUMO, IO COS54° = sin36° =
5-v5
2v2
3anaua 14. Po3s’skiTh piBHsanHS V1 — x2 = 4x3 — 3x.
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Posp’sizanns. OCKibKH 00JacTIO JOIYCTUMUX 3HAUCHb PiBHAHHS € mpomikok [—1;1], To, ypaxoByroun
GopMyny IS KOCHHYCA nOmpitiHo20 KyTa, MU MOXEMO 3pOOHMTH MiJICTAaHOBKY X = cosa, « € [0;m],

. . . . Y
MEPEeTBOPHBIIY ippallioHaJbHE PIBHAHHS Ha TPUTOHOMETpPUYHE: Sina = cos3a, cos3a — cos (E - a) = 0. Orxe,

7T+7Tm €L
a=—=+——,melL,
8 2

T
a=—Z+nn,nEZ.

Ha Binpisky [0; 7] MiCTATBCS NMILe TPH 3HAYEHHS Q.
. . T 31 51
Bionosiowv: x = cos 5 X =C0S—-, X =cos—. W

3aysaosicenns. 1i po3B’si3KM MOJKHA BUPA3HUTH 1 B paiKaiax.

) ) 3
3amaua 15. Po3B’sKITH PIBHSAHHS 4x3 —3x = %_

Po3B’si3anHs. Burisin niBoi 4aCTHHE CTIOHYKA€ CTPYKTYPHO PO3TIISAATH ii 3 TOUKH 30py (HOPMYIH ISt KOCHHYCa
nompitinoeo Kyta. Y pi3HuX mKepenax (nuB., Hampukiaa, (Tpersk, 2011)) TpuroHoMeTpu4Hil MiICTaHOBII
nepejye JOBEACHHS TOTO, IO MIyKaHi X He MOKYTh 3a3J0BOJBHATH HEPIiBHICTH |x| > 1. SIKIIO HPHITYCTUTH, IO

3 . C e . .
x| >1, o 4x>—=3>1, |4x3—3x| = |x| - [4x*=3] >1 >\/7—, i ToMmy Bci milicHi kopeHi piBHAHHS

Hanexkars Biapisky [—1; 1]. BiseMemo Tenep x = cosa, a € [0; ], 3a =y, cosy = \/75, 0 <y < 3w Maemo: y =
T 11w 13w

ga Y = 6 ° Yy = 6
. . n 11m 137
Bionosiob: x = coOS—, x = cOS—, X = COS—. N
18 18 18
3aysascennsn. Hactipapii, BCTAHOBIEHHS TOTO, IO MIACHI PO3B’S3KH PIBHSHHS O00OB’SI3KOBO 3aJOBOJIbHSIOTH
HepiBHICT |x| < 1, € «3aiiBOIO» YAaCTHHOIO PO3B’si3aHHS. MM MOKEMO Bipa3y IMOCTaBUTH 338 METY CIIOYaTKy

LIYKaTH BCI Ti KOPEHi, IKi MOYKHA TOJaTH Y BUDJISAAI X = cosa, a € [0; ] (to6To siki Hanexars mpomixkky [—1; 1]).
. o .. b4 11m 131 . . o
OCKiNbKH 3HAMICHO TPH Pi3Hi YHCIA (COS 7= > COS —— > COS =), AKi 3{0BOIBHAIOTH HAIIE PIBHAHHS, TO BOHH i

OyIyThb YTBOPIOBAaTH MHOXHHY BCiX KOPEHIB JJAHOTO KyOiuHOTO piBHSHHS (KyOidHE PIBHSHHS Ma€ He Oinblie, HiX
TPH IiliCHI KOPEHi, ypaxoByIOUH IXHIO KPaTHICTh). 3 LIbOTO BUILIMBAE, 110 OMIKYBaTUCh 3HAXOPKEHHSIM PO3B’SI3KiB
no3a Bigpiskom [—1; 1] y3arai He ciij.

AHaJioriuHa CUTYallisi BAHUKAE B HACTYITHIN 3a7adi.

3anaua 16. Po3s’sixits pisasnus 8x(2x% — 1)(8x* — 8x2 + 1) = 1.

Po3p’si3anns. [ToquBUMOCH, SIK JIOBOAUTHCS, IO LIyKaHI X HE MOXYTh 3a[JOBOJIbHATH HEpiBHICTH |x| > 1.
dxmo |x| >1,702x>—-1>1,8x*—8x2+1= 8x?(x>—-1)+1>1, [8x(2x% —1)(8x* —8x%2 + 1)| > 8.
IMoknanemo x = cosa, a € (0;m). Tomi 8cosa cos2a cosda =1, i mia a € (0;m) — no3ask sina # 0 - s
PIBHICTB € eKBiBaJIEHTHOIO piBHOCTI Sin8a = sina.

. 9% . Ta
MaeMo piBHSIHHS COS - Sin—= 0, TobTo

2mm
a=——)mEeEl,
7
_T[+2T[Tl c7
a—g 9,n R
O<a<m.

Hani «cepii» He mepeTHHAIOThHCS (A1 WiMMX M i n piBHICTh 18m = 14n + 1 BUKOHYBAaTHCh HE MOXE), 1 JETKO

mokazary, mo 1 < m < 3,0 < n < 3, ynM i BU3HAYAIOTHCS BCl 7 KOPEHIB PiBHSHHS.

. . 2mm 2n+1)n
Bionogiov: x = cos—-, 1<m<3;x= cos%, 0<n<3m

3aysaoicenns. 3HalieHi yncna BCi € pisHUMHU. | TOMy BOHM ¥ CKIIaJlyTh MHOXKHHY BCiX KOPEHIB MHOTOYJICHA
cboMOTO crereHs. [lepia yacThHa HAIIMX MIpKyBaHb, IPUCBIYCHUX OOIPYHTYBAHHIO TOTO, IO 3 HEOOXIMHICTIO
PO3B’SI3KH IAHOTO PiBHSHHS 33I0BOJIBHSIOTH HEPIBHICTH x| < 1, € He000B’s13k0BOr0. MOXHa OyJ10 B35TH 10 YBaru
dopmynu cos 2¢ = 2cos? ¢ — 1, cos 4¢ = 8cos*p — 8cos? ¢ + 1, nigcTaButn x = cosa, @ € (0; ) (3Ha4eHHs
a = 0 Ta @ = 7 HAC, OYEBHIHO, HE [IIKABJIATH) i 3HANTH BCi 7 KOPEHIB PIBHSHHS, 10 POOUTH PO3IIIS BUIIAAKY | x| >
1 HenoTpiOHUM.

3amaua 17 (VII Copociscbka onimmiana mkonspis Yipainu, 2000 p.). Hexait f(x) = 2x2 — 1. ina m = 2
poss’soxiTh piBasHES f ™ (x) = x (tyr f (%) = F(F (... f(x) ...)), m = 2; fD(x) = f(x)).

——

Posp’sizanns. s [x| > 1 maemo: f(x) = | f(x) | = [2x2—1] =2x2—-1>x%2> |x| = «x, i Tomy

PO3B’SI3KH PiBHSHHS MYCSTh 3a0BOJIBHATH HepiBHICTH |x| < 1. Omke, BisbMeMo X = cosa, a € [0; ], cos2™a =
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2mn — 21k —

—— 0<n<2™ neZa=—— 1<k<2™1-1, k€Z UYncma 2™ -1

2m41 2m—1

i 2™ + 1 e B3aeMHO npocTuMH, i ToMy 1 0 < n < 2™71 1 < k < 2™m~1 — 1 pignicts 2™ — )n = 2™ + Dk

€ HEMOXJIMBOIO. YCi BKa3aHi BHIIE 3HAYCHS @ (1 BiI{l‘IOBiI[Hi 3HAYEHHS X = COS () € PI3HUMHU.
Bzdnoezdbx—cos T 0<n<2m1x—cos 1<k<2m1—1l

cosa. Onepxyemo: a =

3ayeaocenns. Mu 3Haiitm 2™ po3B’s3KiB, Mpu TOMy, mo Q(x) = f™(x) — x € MHorowTeHOM came 2™-ro
cTeneHs. Sk i B IBOX MOMEPEHIX 3a/auaX, MOKHA Oy0 O HE BCTAHOBIIOBATH CIEIiaIbHO, 110 KOPEHi PIBHSHHS
MaroTh HaJleKarH Biapisky [—1; 1].

3agaua 18. Po3B’sokiTh piBHSIHHS \/2 +vV2—V2+x=x.
Posp’sizanns. Po3B’s3aBiuu HepiBHicTh 2 — V2 + x = 0, Busnagaemo OJI3 mis naHoro pisHsHHS: X € [—2; 2].

VTiM, HIyKaHi KOpeHi 3 HEOOXiJHICTIO 3a/J0BONBHAIOTH Ie # yMmoBH x =0, x2—2=+2—-v2+x>0.
X .
Mu MmoxkeMo BBakaru, mo V2 < x < 2. [To3Haunmo S =cosa, a € [0; m/4]. [licns HeckIagHUX MEPETBOPECHB

. . Y
OJIEPKUMO pIBHAHHA —2c0s4a = V2 + 2cosa. Tenep Mu MOXeMO JOAATKOBO «YTOYHUTH» OLIHKY JUIS & FSas
Vs s
" (cos4a <0, > < 4a < m).

Haui, 2cos?4a — 1 = cosa, To6T0 cos8a — cosa = 0,

2mm
a= T, mE1Z,
2nn
a = o5 nez
Xoda mi «cepii» MICTATh CHlJ‘ILHl 3HaYeHHS (¢, HaM TMOTiOHO IWIIe BimiOpaTh a € [n/8;/ 4] € HIM
2mm
PO3B’SI3KOM PiBHSHHS 6yILe x = 2cos = (ILJ'IH YKOITHOTO ILI1IJIOTO M HE BUKOHYETHCS yMmoBa & TR —)

Bionosiow: x = ZCOS ?. [ ]

3aysaoicenns. Po3B’sI3yBaHHIO PIBHSHHA MOXE MepenyBaTH OOTOBOPEHHS IEBHUX BIACTUBOCTEH (YHKIIT

px) = J 2+4++/2—+/2+4x —x. Bona crporo crnamae Ha Binpizky [—2;2] (60 cmaguoro € ¢yHkmis P(x) =

V2 —+/2+ x), 1 ToMy Hale piBHAHHS i TOBUHHO MaTH HE OiibliIe Bix oxHOTro po3B’s3Ky. [lo Toro x, GyHKLIs ¢
HerepepBHa Ha Binpisky [—2; 2], ¢(—2) > 0, ¢(2) < 0. Orxe, piasaus @ (x) = 0 Mae eMHMAIT PO3B’SI30K.

[Tlix yac poboTH 3 HECTAaHIAPTHUMH PIBHSIHHSAMH Ta HEPIBHOCTAMH JUISl YHUKHEHHSI (JOPMYBaHHSI HEOaKaHHUX
cTepeoTurriB Ta XuOHUX acomianiii (Mitensman, 2019) BapTo 3BepTaTy yBary y4HiB Ha crenudidHi BIACTHBOCTI
BiJIMOBITHUX (PYHKITIH, IO MOXe OYTH BHPIIIAILHUM JUIsl YCIIITHOTO PO3B’A3yBaHHS 3a/1a4.

SIx KOpHICHUI TPUKIIA]] 3alpPOIIOHYEMO POo3i0paTu 3 y4HSMH 3ajady-«trick», sika JMIIe 30BHIIIHBO CXOXKa 13
3ajadero 18 (i He MOB’s13aHa i3 TPUTOHOMETPUYHHUMH ITiJICTAHOBKAMH).

3agaua 19. Po3p’sokiTh piBHAHHS |4+ [2—... +\/2 —+vV4++V2—x =x (Bupa3 y miBiil YaCTHHI PiBHSAHHS

MictuTh 2024 3HaKa KOpEHs).

Po3p’si3anns. OCKUTbKM Ma€ CIIpaBKyBaTUCh HEPIBHICTh 2 — v 4 + V2 — x = 0, sika Mae eTUHUNA PO3B’A30K
X = 2, TO IOCTaTHHO MEPEKOHATHUCH, IIO 1€ 3HAYCHHS X = 2 3aJI0BOJILHIE YMOBY 3a]1adi.

Bionogiov: x = 2. m

3agauya 20. Po3B’sikiTh cucTeMy piBHSHb

x = 4y3 — 3y,
y = 4z3 — 3z, (20.1)
z = 4x3 — 3x.

Po3p’si3annsn. [lana cucteMa piBHSHB HE € CHMETPUYHOIO (SK 1HKOJIM XHOHO BBXKAIOTh, OOMEXKYIOUHCH JIHIIE
BUTaAKOM X < y < Z), a e ruktivHomo (). JloBenemo, mio B cuity cucremu —1 < x,y,z < 1. I3 cuctemu (20.1)
surmBae, mwo x +y + z = x3 +y3 + 23 (20.2). Hexait x > 1. Maemo: z = 4x3 — 3x. PosmsiHeMo (yHKILiIO
@(x) = 4x3 — 3x. Tomi ana x > 1 @(x) = x(4x%2 —3) > 1. Orxe, z > 1. Ockineku y = 4z3 — 3z, 0 y > 1.
Sxmox >1,y>1,z>1,10x3 > x,y3 >y, 2% > 2z, mo cynepeunTts piBHOCTI (20.2). AHATOTIYHO JOBOANTHCH,
moy <1,z < 1. ®yHKis @ € HemapHow, a ToMy z = @(x) < —1 g x < —1. Bigrak, ypermri-peiurt, gicranemo,
mo —1 < x,y,z < 1. Iloknagemo x = cosa, @ € [0; ]. Toxni z = cos3a, y = cos9a, x = cos27a. HabGip ymos, 3
SIKAX YTBOPEHO BUXigHY cuctemMy (20.1), MOXKHA 3aMiHUTH «IIEPEBAHTAKCHIMY, AJIe — CKBIBAJICHTHIM Ha0OpOM:
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x = 4y3 — 3y,
y =4z3% — 3z,
z = 4x3 — 3x;
{x = cosaq,

Z = cos3a,

y = cos9a;
cosa = cos27a,
0<ac<m.

3ajauy 3BEJEHO JI0 3HAXODKEHHs Ha TpoMikky [0;7] BCiXx po3B’si3KiB piBHAHHS COSQ = c0S27a &

sin13asin14a:0:a=%,1Sm§13;a=%,0§n§13 (pimicu%:%, 1<m<13,0<n<13,

HE MOYKE MaTH MICIIS IS IUTHX M 1 1),
Bionogiow: cucrema mMae 27 po3B’A3KiB (HEBaXKKO BUPA3UTH iX Uepe3 3HAWCHI ). M
3agauya 21. Po3B’siKiTh crcTEMY pPiBHSHb

x=z(4—2),
y=x(4-x),(21.1)
z=y(4-y).

Po3p’sizanns. Ilosnaunmo a =x—2, b=y—2, c=z—2. Toni b=2—a? a=2—c? c=2-b2

b
Skmo u = — %, v=—,w= - %, To cuctema (21.1) Habyne BUIISAY

u=2w?-1,
w = 2172 — 1, (21.2)
v=2u’-1
Hosenemo, mo —1 < u, v,w < 1. «JliBa» yacTiHA MOMBIHHUX HEpiBHOCTEH € oueBuaHOK. Hexait u > 1, Toxi,
sposymino, v>1 i w>1. Ane i3 cucremu (21.2) Bummmpae, mo (Ru?—-u—1)+Qvi—-v—-1)+
w?-—w—-1)=0,106T0 (u—1DQRu+1D+w-1DRv+1D+WwW-1DQ2w+1) =0, mommsu>1,v>1,

w > 1 He MOXXe BUKOHYBaTHCh. Ternep MU 3700y/iM IpaBO Ha «TPUTOHOMETPUYHY» IICTAHOBKY: U = COSQ, & €

. . . . . 2
[0; ]. Toni v = cos2a, w = cos4a. Ha Binpisky [0; ] po3s’s3yemo piBHsHHs cosa = cos8a. Binrak, a = %,

2
OSms4;a=$,1Sns3.

Bionosgiov: cuctema mMae 8 po3B’sI3KiB (3ammcary iX MPOIIOHYEMO YATadam). M
3agaua 22. Po3B’sDKITh y OJATHUX AIMCHHUX YUCIIAX X, Y 1 Z CUCTEMY PiBHSHb
xy+yz+zx =1,
{1—x2 _ 2y _1-z2 (22.1)

1+x2  14y2  1+22°
1-t?
1+t2

Po3p’sizanns 1. Oyukuis f(t) = CTpOro crajgae Ha MpoMikKy [0; +00), i Tomy x = z. OnepKuMo TaKy

cucreMy piBHSHBL it x > 01y > 0:
x2+2yx—1=0,
{x(l +y2)=1+x2
3 mepmioi piBHOCTI, K i3 KBAaJApaTHOTO pIBHSHHS BIJHOCHO X, 3HAX0AUMO X =./y%2+1—y. [lami,

(WPH1-y)0? + D =207+ D=2y + LyP+1-y=2- 2=y +1=2y="Bx=2-
V3,z=2—-+/3.m

Po3p’sizanns 2. Y il 3agayi OYEBMIHMUM € MOTHUB BUKOPUCTAHHS VHIBEPCANbHOI MPUSOHOMEMPUYHOT
nIOCMAaHOBKU:

2tg? 1-tg2%
cos @

sing = ,@ #m+2nn,n € Z.

2 — 2
1+tg2%’ 1+tg2§

A TakoX CIIiJI 3BEpHYTH yBary Ha reoMeTpUYHE TIyMadeHHs mepioi piBHOCTI cuctemu. Hexaii 0 < a, B, ¥ <
T,X = tg%, y= tgg, z= tgg. Po3rnsiHeMo piBHICTH tg%tgg + tggtg% + tg%tg% =l,sxymma0<a f,y<m
B oY
tgt+tgl .
2z 2,tg(£+z) =tg(£—g),TO6Toa+ﬁ+y =1 + 2k, k € 7. 3Bincu
1—tg5tg12—/ 2 2 2 2

. a
MOJXHA 3aIllMCaTu y BUITIAA1 Ctg E =

k=0ia+pf+y=m.
Cucrema (22.1) naOyne BUIISLY
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cosa = cosy = sing,
a+p+y=m, (22.2)
0<a B, y<m.
Orke,a =y, =n —2a, cosa = sin2a, a + % 3 X yMOB BH3HAYA€EMO, IO @ = %, B = 2?”, y = %’ TOOTO

A i 77.'
X = tgﬁ’y = tg;, Z = tgﬁ
1 1

MosxHa MipKyBaTH AENIO B iHIIUH CIOCi0, 3BEpHYBIIACH 10 Po3B’si3aHHs 3a1adi 5. [lozHaunmo x = Y=,

1 . . .
z=, Toni xy+yz+zx=1 & u+v+w=uvw, i Tomy, K OyJI0 MOKa3aHO paHimie, U, V, W — TaHT€HCH
KyTiB TOCTPOKYTHOTO TPUKyTHHUKA. 3BIJICH BHIUIMBAE, III0 MU MOKEMO TIOKJIACTH X = ctga, y = ctgf, z = ctgy,

T = S_TF_n_T_pfo_7m_ —tol v =t
0<a,ﬁ,y<g,a+ﬁ+y—n.ﬁxm00<{,n,9<7r,2—2 a, =3 ﬁ,z—z y,Tox =tg-,y =tg-,

z :tgg,(+ n+ 6 =m, cos{ =cosf = sinn.

Bionosiow: x = 2—\/§,y=\/§,2= 2—+3.m

3agauya 23 (American Invitational Mathematics Exams, 2022 p.). Po3B’sikiTh y ToAaTHUX OiHCHUX YHCIAX X, Y
1z cucTeMy piBHSHb

VX2 =y +y2-x) =1,
JyQ2 —2)+/z(2 —y) =+2,(23.1)
Jz(2 —x) +x(2 — z) = 3.

Po3p’sizannsi. 3 yMoBH BuuBae, mo 0 < x,y, z < 2. 3pobumo 3aminu: x = 2sina, y = 2sin?g, z = 2sin?y,
s .
0<apy< > Toxi cuctemMa MaTUMeE BUIIIS

sin(a + B) =

)

N |-

sin(B +7) =2, (23.2)
sin(ly + a) = g

Bigrak, a + f = (—1)"% +nk, B+y = (—1)”‘% +mm,y+a= (—1)*’% + . 3po3ymijo, 110 Il YKcia
k, £ 1 m moxyTh HaOyBaru nume 3Ha4eHb 0 Ta 1. 3 ypaxyBanusam ymosu 0 < a, 8,y < % HECKJIaJJHUM Iepe0opoM
JICTAEMO PO3B’SI3KH.

Bionosiov: x = 1 — — y=1- V26 v2-V6, V246 V2 V6

1
x=1+4—=y=1
V2’ 4 4 + 2’ y + 4 4
3agaua 24 (VII ®ectuBanp toHux maremartukiB, M. Oxeca, 1999 p.). Hexaii mano ngilicue uncio a # 0 i
HatypajgbHe m = 2. JloBexdith, 1m0 icHye MHOXHHa B C R i3 2™ eneMeHTiB Taka, 10 ISl KOKHOTO b € B B
. . o n ..
OCITiJOBHOCTI, 3a/1aHiil pEKYPEHTHO X1 = b, Xp4q = 2X2 — a® , n = 1, BUKOHY€ETbCS PIBHICTb X4 q = 0.

. 2k—-1)m
Po3p’s13anns. YMOBY 3aj1a4i 33710BOJIbHSE MHOKHHA B = {a cos(zm—H): 1<k<2™ ke N}. SAxuro yncno b

,z=1+ ,z=1-— . m

. . n . m T
Mae BUIMIAA b = a cos a, To, 3a iHAyKIi€I0, X, = a? cos 2" a. 3Bigku x,,,, = a® cos (nk — E) =0.m

. . . . ,n+1 .
3agaua 25. [loBeniTs, mio A1 KoxkHOro n € N icHye npuHaiMHI [ T] nap HaTypajJbHHUX Yucen k 1 m Takux,

mo k <nidk®—3k+1=2m2
Po3p’sizannsi. 3anady poss’ssye pisHicTh 4(2x% —1)3 —3(2x2 — 1) = 2(4x3 — 3x)? — 1, sKa, fAK Jerko
nepeBipuTH Ge3MocepeIHb0, BAKOHYEThCS s BCiX AilicHuX x. MoxHa noknactu k = 2t2 — 1, m = 4t3 — 3¢, t €

. n+1 .
N. Tomi Bumora k<n mae, mo 1<t < ’T HaBenena TOTOXHICTh Ma€ OYEBMJIHE TPUTOHOMETPUYHE

MOXO/PKEHHS, TNPOAMKTOBaHE (opMynamMHu Uil KOCHMHYycCa MOTPIMHOrO 1 MOABIMHOIO KyTa, 3TiIHO 3 SKUMH
cos 6a = 4cos32a — 3cos2a i cos 6a = 2cos?3a — 1. SKm0 MO3HAYUTH U = COSQ, TO MH OLIEPKYEMO, IO
42u? —1)3 —3Q2u? — 1) = 2(4u® — 3u)? — 1 ana Beix u € [—1; 1]. OcKiNbKH HAETHCS TPO MHOTOYIEHH, TO
OCTaHHsI PIBHICTh CIIPABIKY€ETHCSI HA BCIH YMCIIOBIH NMpsMiii. W

CTpyKTypHY CIIOpIJJHEHICTh 13 TPUTOHOMETPUYHUMH TJICTAHOBKAMH B alreOpaiyHuX 3ajadax Mae
3aCTOCYBaHHS BIIACTUBOCTEH cinepboriynux QyHkuin. KoxkHa ¢yHKIis, BU3HaueHa Ha BCill YMCIIOBIH MpsMIH,
B E€IMHMI cmocid po3KiamaeThcs B CyMmy mapHOi Ta HemapHoi ¢yHKIil. J[ias ¢yHKiii y = e* TakuMm mapHAM

X -X X —-X

. . o e —e
, & HeMapHUM — TinepOomiyHuid cuayc shx = >

lnepOomniuni QyHKUii HE BXOAATH A0 IUKUIBHUX MporpaM, aje BHBYEHHS iXHIX TpadikiB, eleMEeHTapHUX

. . o e
«CKJIaTHUKOMY» Oyne TirnepOoiynuii kocuHyc chx =
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BJIACTHBOCTEH, OOCpPHEHUX TimepOOMiYHUX (YHKIIH € IIJIKOM JOCTYIHHMM IS Y4YHIB KJaciB MaTeMaTHYHOTO
npodimo, s (HakynbTaTUBHUX 1 TYPTKOBUX 3aHATh, UISL OpraHizamii MPOEKTHOI MisIBHOCTI B CTApILUid IIKOJMI.
30kpeMa, y4HI 13 3aliKaBICHICTIO MpalIOTh i3 (GOpPMYyJIaMd, aHAJIOTIYHUMH 3HAaHOMHM [JIsi  HHX
TpuronomMerpuunuM popmynam: ch?x —sh?x = 1, sh(x +y) = shxchy + shychx, ch(x +y) = chxchy +
shyshx, sh2x = 2shxchx, sh3x = 4sh3x + 3shx, ch3x = 4ch3x — 3chx.

3amaua 26. Po3p’sxith piBHsanHS xVx2 + 1(16x* + 16x2 + 3) = 2.

Po3p’si3annsi. @yHkitist Y = sht crporo 3pocrae Ha BCiil YMCIOBIN mpsiMild, 1i MHOKHHA 3HaveHb E(y) = R.
Ockinbku chx = Vsh?x + 1, 16x* + 16x2 + 3 = (4x2 + 1)(4x% + 3), TO JOLIILHO 3POOUTHU MiJICTAHOBKY X =
sht. To x wmarumemo piBHsuHEsS sh3t-cht- (4sh?t +1) =2, sh3t-ch3t =2, sh6t=4. OGepuena
10 rimep6oiuHoro cunyca QGyHKIIis apeacunyc BUpaxaetbest popmyioro arshu = In (u + Vu? + 1).

Orxe,

6t = arsh4, 6t = ln(4 + \/ﬁ), t= 1n6\/4 ++/17,
37
x =shInV4+v17,x = i7-1

28417
3
. . 4+/17-1
Bionogiov: x = —g——.
23/44+17

BucHOBKH Ta nepcneKTHBH MOAATBIINX PO3BiToK. J[0cBia BUKIanaHHS B KJlacaxX 3 HONIMOIEHHM BUBYCHHSIM
MaTeMaTuKH, pe3ylbTaTHBHOI minroroBku mkossipis mo Il ta IV eraniB BceykpaiHchkol yYHIBCHKOI OfliMmiaau
3 MaTeMaTHKH, IPOBEICHHS 3aHATh | CEMiHapiB 3 ITiABUIIIEHHS KBaJTi(iKaIlii BANTENiB MATEMATHKH i ATBEPIKYIOTb,
II0 CHCTEMHE BITPOBAKCHHSI B OCBITHIO MPAKTUKY TPUTOHOMETPHYHUX ITIAXOIB 10 PO3B’SI3yBaHHS CIICIiaTbHIX
TUTIB anreOpaiyHuX piBHAHb, CUCTEM PiBHSIHD, TOBEJCHHS HEPIBHOCTEH TOLIO € Ai€BUM (HOPMYBAIbHUM KPOKOM
KOMIIETEHTHICHOTO PO3BUTKY, MPOIEIEBTUKOIO MEBHUX TEXHIYHMX MPUHOMIB, KOTP1 3aCTOCOBYIOTHCS W y BHIIIH
maremaruii. Taki mpancmemamuuni TANTAKTUKO-METOIMYHI KOMIUIEKCH, SK PO3TISHYTHH Y CTaTTi, CIIPUSIOTH
ONTUMI3allii pecypciB HABYAJILHOTO 4Yacy, pyHaaMeHTai3amii (haxoBoro 3pOCTaHHs, BUBOASATh YUUTEIIB Ta YUHIB
Ha HOBHWI pIBeHb iHTerpamii 3MiCTOBHX JiHIi TpOrpamMH, CTBOPIOIOTH TEPEIYMOBH MJsl MOTHBAIi CIiJIBHOI
MOITYKOBOI aKTUBHOCTI Cy4acHOTO BUHMTENS W 0OJapOBaHHUX y4YHIB 3 BUCOKHMH OCBITHIMH TOTpe0amMu B Trairy3i
MaTeMaTHKH 1 JUIs YIOCKOHAJIEHHSI HABUYOK aHAi3y MaTepialliB ONiMITia]] 3 TOYKH 30py BHOYIOBYBaHHS 3B’SI3KiB
MiX 3aJ]a4aMH 30BHIIIHLO HECXOXKOI MaTeMaTHYHOT MPUPOAN. Y UHTEINI Ta YUHI PO3LUIUPIOIOTH CBO YSIBICHHS LIO/I0
MICIISl TPUTOHOMETPIi B CTPYKTYpi IIKUIBHOTO KypCy MareMaThKH, 1 1€ CYTTEBO CTUMYIIOE TBOPYE OBOJOMIHHS
i 3MicToM.

[Momanpi AOCTIKEHHS MatOTh 3a0e3MeuyBaT Ha IPUHITUIIAX HACKPI3HOCTI i MIJBHOCTI MOCTIHHUN HAyKOBO-
METOJAMYHHUI CYINPOBIJT PECYpPCHOi OCHOBH MpOoQiabHOro (MOMIHONICHOTr0) BHBYCHHS MareMaTwku B HoBii
yKpaiHChKil mkoni. Tozi akajgeMivHe cripsMyBaHHS MPO]ITLHOTO HABYAHHS MaTeMAaTHKX Ha MOTITUOJICHOMY PiBHI
3MOXK€ BHCTYIATH TOBHOI[IHHMM (YHIAMEHTOM €JHOCTI TPHOX CTPYKTYPHHX KOMITOHEHTIB IHTerpaliiHuX
MpOIeCiB:  IJICTIOKIAaHHs, B3aEMOJIl PI3HUX PO3ALIIB Kypcy MareMaTHKH, KIHIIEBUX pe3YNIbTaTiB.
KoHkpeTHsyeTbes 11, 30KpeMa, HEPUITMHHUM MOJCITIOBAHHSAM HOBHX JICTATi30BaHUX JAWAAKTHYHUX MPOMYKTIB,
MPUCBSYCHNX KOMOIHYBaHHIO HECTaHAAPTHUX METOIB PO3B’A3yBaHHS CKJIAIHHUX 33]1a4, 110 JI03BOJISIE BUPIITyBaTH
JaHy MpoO0JieMy HaJaHHIM YYUTEJICBI IIMPOKUX MOMIIMBOCTEH BHOOPY HABUAJIBHOTO Marepiaiy JUlsl BCiX THUIIB
JisIbHOCTI. BBakaemMo TakoXk, IO HAyKOBE 3aBJaHHS CTBOPEHHS W ampoOallii aHaJOTIYHUX JIHJAKTHUYHUX
KOMIUIEKCIB 3 BY3JIOBUX TEMaTHYHUX PO3AiIIB (0COONMBO — i3 3agadaMu OJIMIIIaAHOTO Ta YCKIAJHEHOTO THILY)
MMOBMHHO OyTH B 30HI MOCTIHHOI MiJBMIIEHOI yBard ImiJ 4ac oprasizaiii nmpodeciiHol MmiAroTOBKH CTYIEHTIB —
MaiOyTHIX YUHUTEIiB MaTeMaTHKH.
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DIDACTIC AND METHODICAL ASPECTS OF TRIGONOMETRIC INTERPRETATION IN
SOME TYPES OF ADVANCED ALGEBRAIC PROBLEMS

Abstract. The implementation of academic profiling in the New Ukrainian School based on advanced
mathematics in high school is determined by the needs of the state and society to intensify the educational trajectory
of gifted students in the field of mathematics and its applications. The integrity of the profiled study of mathematics
at the advanced level requires combining the fundamentalisation and professionalisation of education into a joint
process of knowledge generalisation — concentrating educational material and didactic and methodical resources
around key theoretical topics and a system of teaching problem solving. Based on the necessity of agreeing on all
components of the hierarchy, systematisation and selection of the content of school education, in the preparing
of future mathematics teachers, and in the in-service (postgraduate) education of teachers, the special status
of trigonometric material, its significant learning and developmental potential is substantiated. At the same time,
we note a decline in the level of trigonometry knowledge of school graduates, and a lack of motivation to improve
it, even among students in advanced math classes, elective courses, etc. The experience of working with teachers
in professional development courses and the analysis of the level of training of students of mathematics specialties
in higher pedagogical education institutions also point to relevant methodical problems.

The paper discusses an approach to the selection, actualisation, clarification, and coordination of productive
subject and methodical ideas and relations of some types of algebraic problems of the olympiad and/or advanced
level, which by their structural specificity allow for trigonometric interpretation (equations and systems
of equations, problems for proving inequalities, and so on). The existing didactic complexes on this topic are
expanded and supplemented to enhance the positive educational result — activation of the aggregate competencies
acquired by students in synchronizing all content items of the school mathematics. The results of the article can
contribute to the modernisation of the mathematical and methodical environment of gifted students’ training,
the growth of the creative potential of working and future mathematics teachers.

Key words: mathematics teaching methodology, professional teacher development, maths gifted students,
olympiad-type and advanced algebraic problems, school trigonometry, fundamentalisation and professionalisation
of education content, profiling at the New Ukrainian School.
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